Chapter 3 Polynomial Functions
Section 3.1 Characteristics of Polynomial Functions
Section 3.1 Page 114 Question 1

A polynomial function has the form
fX)=ax"+a,_ XN, " T L ax Fax + ao,
where a, is the leading coefficient; ay is the constant; and the degree of the polynomial, n,
is the exponent of the greatest power of the variable, x.
a) The function A(x) = 2 —/x is a radical function, not a polynomial function.
1
Jx is the same as x?, which has an exponent that is not a whole number.

b) The function y = 3x + 1 is of the form y = a;x + ay.
It is a polynomial of degree 1. The leading coefficient is 3 and the constant term is 1.

¢) The function f{x) = 3" is not a polynomial function.
The variable x is the exponent.

d) The function g(x) = 3x" — 7 is of the form g(x) = asx” + asx® + axx” + ayx + aq.
It is a polynomial of degree 4. The leading coefficient is 3 and the constant term is —7.

e) The function p(x) = x> + x* + 3x is not a polynomial function.
The term x has an exponent that is not a whole number.

f) The function y = —4x> + 2x + 5 is of the form glx)= a3x3 + a2x2 + a1x + ao.
It is a polynomial of degree 3. The leading coefficient is —4 and the constant term is 5.

Section 3.1 Page 114 Question 2

a) The function f{x) = —x + 3 has degree 1; it is a linear function with a leading
coefficient of —1, and a constant term of 3.

b) The function y = 9x* has degree 2; it is a quadratic function with a leading coefficient
of 9, and a constant term of 0.

¢) The function g(x) = 3x*+3x —2x + 1 has degree 4; it is a quartic function with a
leading coefficient of 3, and a constant term of 1.

d) First rewrite k(x) =4 — 3x° in descending powers of x: k(x) = —3x° + 4.
The function k(x) = —3x> + 4 has degree 3 it is a cubic function with a leading coefficient

of -3, and a constant term of 4.

e) The function y =—2x" — 2x° + 9 has degree 5; it is a quintic function with a leading
coefficient of -2, and a constant term of 9.
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f) The function A(x) =—6 has degree 0; it is a constant function with a leading coefficient
of 0, and a constant term of —6.

Section 3.1 Page 114 Question 3

a) Since the graph of the function extends down into quadrant III and up into quadrant I,
it is an odd-degree polynomial function with a positive leading coefficient.
The graph has three x-intercepts. Its domain is {x | x € R} and its range is {y | y € R}.

b) Since the graph of the function extends down into quadrant III and up into quadrant I,
it is an odd-degree polynomial function with a positive leading coefficient.
The graph has five x-intercepts. Its domain is {x | x € R} and its range is {y | y € R}.

¢) Since the graph of the function opens downward, extending down into quadrant III
and down into quadrant IV, it is an even-degree polynomial function with a negative
leading coefficient. The graph has three x-intercepts. Its domain is {x | x € R} and its
range is {y |y <16.9,y € R}.

d) Since the graph of the function opens downward, extending down into quadrant III
and down into quadrant IV, it is an even-degree polynomial function with a negative
leading coefficient. The graph has no x-intercepts. Its domain is {x | x € R} and its range

is {y|y<-3,y € R}.
Section 3.1 Page 114 Question 4

a) The function f{x) = x* + 3x — | is a quadratic (degree 2), which is an even-degree
polynomial function. Its graph has a maximum of two x-intercepts. Since the leading
coefficient is positive, the graph of the function opens upward, extending up into
quadrant IT and up into quadrant I, and has a minimum value. The graph has a y-intercept
of —1.

b) The function g(x) = —4x> + 2x* — x + 5 is a cubic (degree 3), which is an odd-degree
polynomial function. Its graph has at least one x-intercept and at most three x-intercepts.
Since the leading coefficient is negative, the graph of the function extends up into
quadrant II and down into quadrant IV. The graph has no maximum or minimum values.
The graph has a y-intercept of 5.

¢) The function A(x) =—7x" + 2x° — 3x* + 6x + 4 is a quartic (degree 4), which is an even-
degree polynomial function. Its graph has a maximum of four x-intercepts. Since the
leading coefficient is negative, the graph of the function opens downward, extending
down into quadrant III and down into quadrant IV, and has a maximum value. The graph
has a y-intercept of 4.

d) The function ¢(x) =x’ — 3x* + 9x is a quintic (degree 5), which is an odd-degree
polynomial function. Its graph has at least one x-intercept and at most five x-intercepts.
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Since the leading coefficient is positive, the graph of the function extends down into
quadrant III and up into quadrant I. The graph has no maximum or minimum values. The
graph has a y-intercept of 0.

e) First rewrite p(x) = 4 — 2x in descending powers of x: p(x) = —2x + 4.

The function p(x) = —2x + 4 is linear (degree 1), which is an odd-degree polynomial
function. Its graph has one x-intercept. Since the leading coefficient is negative, the graph
of the function extends up into quadrant I and down into quadrant IV. The graph has no
maximum or minimum values. The graph has a y-intercept of 4.

e) First rewrite v(x) = —x" + 2x* — 4x? in descending powers of x: v(x) = PR Ay by
The function v(x) = 2x* — x* — 4x” is a quartic (degree 4), which is an even-degree
polynomial function. Its graph has a maximum of four x-intercepts. Since the leading
coefficient is positive, the graph of the function opens upward, extending up into
quadrant IT and up into quadrant I, and has a minimum value. The graph has a y-intercept
of 0.

Section 3.1 Page 115 Question 5

Example: I disagree with Jake. Graphs of polynomial functions
of the form y = ax" + x + b, where a, b, and n are even integers,
will extend from quadrant II to quadrant I only if @ and » are
positive even integers.

y=22+x+4

For example, the graph of y = 2x* + x + 4 has this shape, while |y- 2 *txr4 [
the graph of y = —2x” + x + 4 does not. Also, if n is negative, -
then the function is no longer a polynomial. R —

Section 3.1 Page 115 Question 6

Rewrite P(x) = 1000x + x* — 3000 in descending powers of x: P(x) =x" + 1000x — 3000.
a) The function P(x) = x* + 1000x — 3000 has degree 4.

b) The leading coefficient is 1 and the constant is —3000. The constant represents a loss
of $3000 if no snowboards are sold.

¢) The function is an even-degree polynomial function. Since the leading coefficient is
positive, the graph of the function opens upward, extending up into quadrant II and up

into quadrant 1.

d) The domain is {x | x>0, x € R}. Since x represents the number of snowboards sold, it
must be non-negative.

e) The x-intercepts of the graph represent when profit is zero.
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f) For 1500 snowboards, substitute x = 15.
P(x) = 1000x + x* — 3000
P(15) = 1000(15) + (15)* — 3000
P(15) =62 625
The profit from the sale of 1500 snowboards is $62 625.

Section 3.1 Page 115 Question 7
a) The function #(d) = —3d" + 3d" is a cubic (degree 3).

b) The leading coefficient is —3 and the constant is 0.

¢) Its graph has at least one x-intercept and at most
three x-intercepts. Since the leading coefficient is
negative, the graph of the function extends up into
quadrant II and down into quadrant IV (similar to the ML | =8
line y = —x).

d) The domainis {d|0<d<1,d € R}. Since d represents the amount of drug absorbed
into the patient’s bloodstream, it must be non-negative and the reaction time must be
greater than or equal to zero.

Section 3.1 Page 115 Question 8

a)

Number of Rings | Total Number of Hexagons

r f(n=3r'-3r+1
1 1
2 7
3 19

b) Substitute » = 12 into Ar) = 3r* — 3r + 1.

A12)=3(12)*=3(12) + 1

A12)=397

The total number of hexagons in a honeycomb with 12 rings is 397.
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Section 3.1 Page 116 Question 9

a) The function P(£) = £* — 20¢’ — 207 + 1500z + 15 000  [W1=H"Y-Z0RT-Z0RZ+1E00H+
is a quartic (degree 4), which is an even-degree !
polynomial function. This graph has no x-intercepts. i
Since the leading coefficient is positive, the graph of [
the function opens upward, extending up into quadrant

II and up into quadrant I, and has a minimum value.

The graph has a y-intercept of 15 000. For this situation, |m=za L y=zroon
the domain is {z | 0 <¢<20, t € R} and its range is
{P|15000<P<37000,P € R}.

b) Currently, at ¢ = 0, the population is 15 000 people.

¢) Substitute 7 = 10.
P(f) = t* — 207 — 207 + 1500z + 15 000
P(10) = (10)* = 20(10)* = 20(10)* + 1500(10) + 15 000
P(10) =18 000
The population of the town 10 years from now will be 18 000 people.

d) The population of the town be approximately 24 000

in 18 years from now.
1

N

Inkersechion—e— e
H=1B.0Z087B Y=24a0n

Section 3.1 Page 116 Question 10

a) For this situation, the domain is‘ ‘ T T T YT
{x]0<x<20andx>35, x € R} since x, the height of
each box, cannot be negative.

—

c F=8000

H

b) V(x)=4x> — 220x* + 2800x

V(x) = 4x(x* — 55x + 700)

V(x) = 4x(x — 20)(x — 35)
The factored form of the function shows that the zeros of the function are the x-intercepts
of its graph.
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Section 3.1 Page 116 Question 11

a) In each case, the pair of graphs appears to be the same.
y=(=x)*and y =x’ y=(=x)"and y=x" y=(=x)°and y=x°

N

Let n represent a whole number, then 2n represents an even whole number.
2n
y=(=x)

y — (_1)2nx2n
y= lnx2n

_ . 2n
y=x

b) In each case, the graphs appear to be reflections of each other in the y-axis (or x-axis).
=(=x)’and y =x° y=(=x) and y=x" y=(=x) and y=x’

Let n represent a whole number, then 2n + 1 represents an odd whole number.

— (_\2ntl
iz(_){ 2n+1_2n+1
_ 2n 1. 2n+1
y=D"CDx
y=_(1)nx2n+l
2n+1
y=—x

¢) For even whole numbers, the graph of the functions are unchanged. For odd whole
numbers, the graph of the functions are reflected in the y-axis (or x-axis).

Section 3.1 Page 116 Question 12

a) To obtain the graph of y = 3(x — 4)* + 2, the graph of y = x is stretched vertically by a
factor of 3 and translated 4 units to the right and 2 units up.

b) I predict that to obtain the graph of y = 3(x — 4)* + 2, the graph of y = x” is stretched
vertically by a factor of 3 and translated 4 units to the right and 2 units up.
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Section 3.1 Page 116 Question 13

Let a represent the root. If a polynomial equation of degree n has exactly one real root,
the corresponding polynomial function is of the form y = (x — a)". If this is an even-
degree function, then its graph will only touch the x-axis. If this is an odd-degree
function, then its graph will cross the x-axis once.

Section 3.1 Page 116 Question C1

Let n represent the degree of the polynomial function. Let a represent the maximum or
minimum value.

Characteristic Odd Degree Even Degree
Number of x-intercepts MR of 1 and maximum of n
maximum of »n
Number of maximum minimum point when a, > 0,
.. . none : .
and minimum points maximum point when a, <0
Domain {x|x e R} {x|x e R}
yly=za,yeRj,
Range e R
wlrers iy<ayeRr)

Section 3.1 Page 116 Question C2

a) i) A graph that extends from quadrant III to I is an odd-degree function with a positive
leading coefficient. For example, y =x" or y = 3x> + 5.

ii) A graph that extends from quadrant II to I is an even-degree function with a positive
leading coefficient. For example, y =x" or y=2x*+ 1.

iii) A graph that extends from quadrant II to IV is an odd-degree function with a negative
leading coefficient. For example, y = —x> or y = —3x" + 5.

iv) A graph that extends from quadrant III to IV is an even-degree function with a
negative leading coefficient. For example, y = —x" or y = —2x* + 1.

b) Answers should agree on even or odd degree and on the sign of the leading
coefficient.
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Section 3.1 Page 116

Example: The line y = x and polynomial functions with
odd degree greater than one and positive leading
coefficient extend from quadrant III to quadrant 1. Both
have no maximum or minimum value. Both have the
same domain and range. While the graph of y = x has
only one x-intercept, the graph of an odd-degree
polynomial function can have one, two, or three

x-intercepts.

Question C3

Section 3.1 Page 117 Question C4
Step 1 Linear and Quadratic Cubic
Quartic Quintic

Function Degree End Behaviour
y=x+2 1 extends from quadrant III to I
y=-3x+1 1 extends from quadrant II to IV
y=x"—4 2 opens upward
y=-2x"-2x+4 2 opens downward
y=x—4x 3 extends from quadrant Il to |
y=—x+3x-2 3 extends from quadrant II to IV
y=2"+16 3 extends from quadrant I1I to |
y=-—x—4x 3 extends from quadrant II to IV
y=x"—4x"+5 4 opens upward
y=—x"+x+4x —4x 4 opens downward
y=x"+2"+1 4 opens upward
y=x"—2x"—3x + 5x"+ 4x — 1 5 extends from quadrant I1I to |
y=x—1 5 extends from quadrant III to I
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y=-x"+x"+8 +8x — 16x— 16 5 extends from quadrant II to IV
y = x(x+1)°(x+4) 5 extends from quadrant I1I to |

Step 2 Even-degree functions: a positive leading coefficient means the graph opens
upward and a negative leading coefficient means the graph opens downward.
Odd-degree functions: a positive leading coefficient means the graph extends from
quadrant III to I and a negative leading coefficient means the graph extends from
quadrant II to IV.

Step 3 The end behaviours of even-degree functions are always headed in the same
direction, either opening upward or downward.

Step 4. The end behaviours of odd-degree functions are always headed away from each
other, either extending from quadrant III to I or from quadrant II to IV.

Section 3.2 The Remainder Theorem

Section 3.2  Page 124 Question 1

a)
x+12
x—2jx2+10x—24

x2—2x

12x-24
12x-24
0

2

x~+10x-24 i 124+
x—2 x—2

b) The restriction is x # 2.

¢) The corresponding statement that can be used to check the division is
(x=2)(x+ 12) + 0 =x" + 10x — 24.

d x-2)x+12)+0

=x"+10x—24+0
="+ 10x - 24
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Section 3.2 Page 124 Question 2

a)
3x°=7x*+x+16
x+1>3x4—4x3 —6x*+17x-8

3x* +3x°
~7x’ —6x°
~7x> = 7x
x*+17x
x°+x
16x—8
16x+16
-24
3x" 4w ;ixf +17x-8 =3x> = 7x° +x+l6+(%j

b) The restriction is x # —1.

¢) The corresponding statement that can be used to check the division is
(x+ DG = Tx* +x+16) =24 =3x"— 4%’ —6x* + 17x - 8.

d) (x+ D3x’ = 7x* +x + 16) — 24
=3 T+ 16+ 3 TP x+16-24
=3x* 4 -6t +17x -8

Section 3.2  Page 124 Question 3

a) For (x’ +3x* — 3x —2) + (x — 1), the X +2x% = Tx -
quotient, Q, is x> + 4x + 1. b) For 2 , the quotient, O, is
X’ +4x+1 P+ 1.
x—1>x3+3x2—3x—2 C4+4x+1
x —x* x—2>x3+2x2—7x—2
4x* -3x X —2x°
4x* —4x 4x* =Tx
x—2 4x* —8x
x—1 x—=2
-1 x—2
0
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¢) For @Qw’ +3w? —5w+2) = (w+3),the d) For (9m’ — 6m* + 3m +2) + (m — 1), the

quotient, Q, is 2w* — 3w — 4.
2w? —3w—4
w+3>2w3 +3w =5w+2

2w + 6w’
—3w? —5w
3w —9w
—4w+2
—4w—-12
14

68 =3t —t+8

t+1
O,ist +57—8t+7.

£ +5—8t+7
t+1>t4+6t3—3t2 —1+8

4
562 =342
5¢% +5¢°

e) For

, the quotient,

8t —t
—8° —8t
Tt+8
Tt+7
1

Section 3.2  Page 124 Question 4

a) For (x’ + x>+ 3) = (x + 4), the quotient,
0, is x* —3x + 12.

w1 1 0 1
- 4 12 48

x[ 1 =3 12 47
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quotient, Q, is 9m” + 3m + 6.
9m* +3m+6
m—1>9m3 —6m> +3m+2

9m’ —9m?

3m® +3m

3m’ —3m
6m+2
6m—-06
8

f) For (2" —3)* + 1) = (y — 3), the quotient,

0,1is 2)° + 6)* + 15y + 45.
2y° +6y> +15y+45
y—3>2y4 +0° =317 +0y+1
2y* -6y’
6y’ =3y’
6y° —18y°

159> +0y
15> —45y
45y +1
45y —-135
136

m* =2m* +m* +12m—6

b) For , the
m—2
quotient, Q, is m® + m + 14.
=211 =2 1 12 -6
— -2 0 -2 28

1 0 1 14 22
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¢) For Q—x+x*—x —x") = (x +2), the
quotient, O, is —x° + x> —x + 1.

d) For (2s° + 35> — 95 — 10) = (s — 2), the
quotient, O, is 2s* + 7s + 5.

2 -1 -1 1 -1 2 2|2 3 9 -0
- ) 2 2 2 = 4 14 -10
<[-1 1 -1 10 <2 7 5 0

B +2h* =3h+9

e) For , the quotient, 0, is
+3
h* - h.
+3| 1 2 -3 9
- 3 -3 0

x| -1 0 9

Section 3.2  Page 124 Question 5
a) For (X’ + 7x° — 3x + 4) + (x + 2),
X #-2.

+2 1 7 -3 4

— 2 10 26

x| 1 5 -13 30

3 2
x +7x 3x+4=x2+5x—13+ 30
x+2 x+2

¢) For (X’ +3x* = 2x +5) = (x + 1),

x#-1.
+1| 1 3 -2 5
- 1 2 4
X 1 2 -4 9
3 2
X +3x 2x+5:x2+2x—4+ 9
x+1 x+1
3
¢) For 2 Int2 4
n-3
-3( 4 0 -15 2
- -12 36 63
x| 4 12 21 65
3
Am ZISn¥2 e cione214-2
n-3 n-3
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f) For 2x° + 7x* —x + 1) = (x + 2), the
quotient, O, is 2x* + 3x — 7.

22 7 -1 1

- 4 6 -14

2 3 =7 15

X

4
b) ForM,Hé&
P
34 0 0 11 -7
- 12 36 108 291
«| -4 —12 36 -97 298
4
ez =7 4p 12 —361-97-28
-3 P

d) For (4n* +7Tn—5) = (n+3), n#-3.

+3| 4 7 -5
- 12 -15
x4 =5 10
2_ —_—

dn°—Tn 5=4n—5+ 10
n+3 n+3

f) For (x> + 6x* —4x + 1) = (x +2), x # 2.

+2| 1 6 —4 1
— 2 8 24
x| 1 4 -12 25
3 2
X +6x 4x+1=x2+4x—12+ 25
x+2 x+2
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Section 3.2 Page 124 Question 6

Evaluate P(-2).

a) P(x)=x"+3x"—5x+2
P(-2)=(-2)* +3(-2)* - 5(-2) + 2
P(-2)=-8+12+10+2
P(-2)=16

The remainder when x> + 3x* — 5x + 2 is divided by x + 2 is 16.

b) P(x)=2x"—2x> + 5x
P(-2) =2(-2)* = 2(-2)* + 5(-2)
P(-2)=32+16-10
P(-2) =38
The remainder when 2x* — 2x* + 5x is divided by x + 2 is 38.

¢) P)=x"+x—5x*+2x—7
P(-2)=(-2)*+ (-2 = 5(-2)* +2(-2) -7
P(-2)=16-8-20-4-7
P(-2)=-23

The remainder when x* + x* — 5x* + 2x — 7 is divided by x + 2 is —23.

d) P(x)=8x+4x*— 19
P(-2) =8(-2)’ + 4(-2)* - 19
P(=2)=-64+16-19
P(—2)=-67
The remainder when 8x° + 4x* — 19 is divided by x + 2 is —67.

e) P(x)=3x"—12x—2
P(-2)=3(-2y —12(-2)-2
P(-2)=-24+24-2
P(-2)=-2
The remainder when 3x° — 12x — 2 is divided by x + 2 is —2.

f) P(x)=2x"+3x"—5x+2
P(-2)=2(-2) +3(-2)*=5(-2) +2
P(-2)=-16+12+10+2
P(-2)=38

The remainder when 2x° + 3x* — 5x + 2 is divided by x + 2 is 8.

Section 3.2  Page 124 Question 7

a) Evaluate P(-3).
Px)=x"+2x"-3x+9
P(-3)=(-3) +2(-3)* = 3(-3) + 9
P(-3)=-27+18+9+9
P(-3)=9
The remainder when x° + 2x* — 3x + 9 is divided by x + 3 is 9.
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b) Evaluate P(2).

P(f) =2t — 4 — 37

P(2)=2(2)-4(2)’ - 3(2)*

P2)=4-32-12

P(2)=-40

The remainder when 27 — 4 — 3/ is divided by 7 — 2 is —40.

¢) Evaluate P(3).

Px)=x"+2x*—3x+5

P3)=(3) +23)*-3(3)+5

P(3)=27+18-9+5

P(3)=41

The remainder when x* + 2x* — 3x + 5 is divided by x — 3 is 41.

d) Evaluate P(2).

P(n)=n4—3n2—5n+2

P(2)=(2)*"-3Q2) -502)+2

P(3)=16-12-10+2

P(3)=-4

The remainder when n* — 30> — 51 + 2 is divided by n — 2 is —4.

Section 3.2  Page 124 Question 8

a) Solve P(1) = 3 to determine the value of £.
Px)=x+4x—x+k

3=1+4(1)°-1+k

3=1+4-1+k%

k=-1

b) Solve P(2) = 3 to determine the value of £.
Px)=x+x"+kx—15
3=2+22+k(2)-15
3=8+4+2k-15
k=3

¢) Solve P(-2) = 3 to determine the value of .
PX)=x+hk’+x+5
3=(2 T2 +(-2)+5
=-8+4k-2+5
k=2
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d) Solve P(-2) = 3 to determine the value of k.
P(x)=kx’+3x+1
3=k(-2)+3(-2)+1
=-8k-6+1
=-1

Section 3.2  Page 124 Question 9

First, determine an expression for P(2) and P(-1).

P(x)=-2x"+cx* —5x +2 P(x)=-2x"+cx* —5x +2
P(2)=-22) +c(2)* - 5(2) +2 P(-1)==2(=1)P + (-1 = 5(-1)+2
P2)=-16+4c-10+2 P1)=2+c+5+2
P(2)=4c-24 P-1)=c+9
Then, solve P(2) = P(—1) to determine the value of c.
4c-24=c+9

3¢=33

c=11

Section 3.2  Page 125 Question 10

Solve P(—k) = 14 to determine the value of £.
P(x) =3x>+6x— 10
14 =3(=k)* + 6(—k) — 10
14 =3k - 6k—10
0 =3k — 6k—24
0=k —2k-38
0=(k—4)(k+2)
k—4=0 or  k+2=0
k=4 k=-2

Section 3.2  Page 125 Question 11

a) Ax)=2x*—x—-6
A(x)=2x+3)(x—-2)
If the height of the rectangle is x — 2, then the width is 2x + 3.

b) Evaluate 4(3).
Ax)=2x"—x-6
A(3)=203)"-(3) -6

AB3)=18-3-6
A(3)=9
. . . . . 2x° —x—6 9
The remainder is 9. This represents a portion of the width: 3 =2x+5+—.
xX— x—
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Section 3.2  Page 125 Question 12

a) Determine 2n° —4n+3 +n—3.

-3| 2 —4 3
- -6 -6
x| 2 2 9
An expression for the other real number is 2n + 2 + ) 3
n_
b) Forn=1:
9 9
n-3=1-3 2n+2+——=2()+2+—
_ 5 n-3 1-3
T =2+2-45

=-0.5
For n =1, the two numbers are —2 and —0.5.

Section 3.2  Page 125 Question 13

a) Use synthetic division.

+3] 9t Sl=n 887 481
— 27n 721 487

O  24n 16m 0

The expression 9mx® + 24mx + 167 represents the area of the base of the cylindrical
containers.

X

b) V(x) = (9mx’ + 247nx + 16m)(x + 3)
V(x) = m(9x” + 24x + 16)(x + 3)
V(x) = n(3x + 4)*(x + 3)
V=mrh
In this factored form, 3x + 4 represents the radius, », and x + 3 represents the height, 4.

¢) [f2<x<8,then10<r<28and5<h<11.
For the given values of x, the radius can be from 10 cm to 28 cm and the height can be
from5Scmto 11 cm.

Section 3.2  Page 125 Question 14

Solve a system of equations represented by P(-3) =—1 and P(2) = 4.

Px)=mx’—3x*+nx+2 Px)=mx’—3x*+nx+2
“1=m(-3)* =33 +n(-3)+2 ~4=m(2)’ - 32)*+n(2)+2
—1=-2Tm—-27-3n+2 —4=8m—12+2n+2
24 =-2Tm—3n 6=8m+2n

8=-9m—-n @ 3=4m+n @
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Add equations @ and @: 11 =-5m
11

5

m=

. . . 11
Substitute m = —15—1 into equation @: 3= 4(—;) +n

59

n=-—

Section 3.2  Page 125 Question 15

Solve a system of equations represented by P(2) =—5 and P(—1) =-16.

P(x)=3x+ax*+bx—9 P(x)=3x+ax*+bx—9
~5=32) +a(2)* +b(2)-9 16 =31 +a(-1)* +b(-1)-9
—5=24+4a+2b-9 -16=-3+a-b-9

—20=4a+2b —4=a-b @

-10=2a+b @

Add equations @ and @: —-14 = 3a

14
a = o——
3

Substitute a = —% into equation @: —4 = —%—b

bh=-2
3

Section 3.2  Page 125 Question 16

To determine the remainder when 10x* — 11x* — 8x* + 7x + 9 is divided by 2x — 3, using

synthetic division, rewrite the binomial as x — E ,orx—1.5.

-1.5( 10 -I1 -8 7 9
- —15 —6 3 —6
x 10 4 -2 4 15

The remainder is 15.

Section 3.2  Page 125 Question 17

Examples:

a) A quadratic polynomial that gives P(3) =—4 is P(x) = (x — 1)(x — 3) — 4,
or P(x) =x* —4x — 1.

b) A cubic polynomial that gives P(-2) =4 is P(x) = (x — 1)(x +2) +4,
or P(x) =x* - 3x + 6.
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¢) A quartic polynomial that gives P(0.5) =1 is P(x) = (x — 1)’Qx— 1) + 1, or
P(x) =2x"—7x* + 9x* — 5x + 2.

Section 3.2  Page 125 Question C1

Example: The process is basically the same. However in long division of polynomials,
additional terms are brought down and added to the previous results. Polynomial division
also results in a restriction.

Section 3.2  Page 125 Question C2
a) If the remainder is 0, then x — a is a factor of bx* + cx + d.

b) Evaluate P(a).
Px)=bx*+cx+d
P(a)=ba*+ca+d
Pa)=a*b+ac+d

The remainder is a’b + ac + d.

Section 3.2  Page 125 Question C3

a) Evaluate 2(500).

h(d) = 0.0003d" + 2
7(500) = 0.0003(500)* + 2
h(500) =77
The remainder is 77.

b) Evaluate 4(—500).

h(d) = 0.0003d"> + 2
h(~500) = 0.0003(~500)* + 2
h(-500) = 752
The remainder is 77.

¢) The remainders are the same. They represent the height of the cable at the given
horizontal distances, 500 m, from the lowest point.
=0 0002+ JII

"

n=kon Y=ir
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Section 3.3 The Factor Theorem

Section 3.3  Page 133 Question 1

a) If P(1) =0, then a corresponding binomial factor of a polynomial, P(x), is x — 1.

b) If P(-3) =0, then a corresponding binomial factor of a polynomial, P(x), is x + 3.

¢) If P(4) =0, then a corresponding binomial factor of a polynomial, P(x), is x — 4.

d) If P(a) = 0, then a corresponding binomial factor of a polynomial, P(x), is x — a.

Section 3.3  Page 133 Question 2

a) Evaluate P(1).

Px)=x"—3x"+4x—2

P(1)= (1) =3(1)* +4(1)-2

P(1)=1-3+4-2

P(1)=0

Since the remainder is zero, x — 1 is a factor of P(x).

b) Evaluate P(1).
P(x)=2x"—x*—3x-2
P(1)=2(1)’ - (1) - 3(1) -2
P(1)=2-1-3-2
P(1)=-4

Since the remainder is not zero, x — 1 is not a factor of P(x).

¢) Evaluate P(1).
P(x)=3x"—x-3
P(1)=3(1)°-(1)*-3
P(1)=3-1-3
P(1)=-1

Since the remainder is not zero, x — 1 is not a factor of P(x).

d) Evaluate P(1).

P(x)=2x"+4x*—5x— 1

P(1)=2(1)* +4(1)*=5(1) -1

P(1)y=2+4-5-1

P(1)=0

Since the remainder is zero, x — 1 is a factor of P(x).

e) Evaluate P(1).

P(x) =x* =3+t —x+1
P()=(1)" =31 +2(1)* = 1+1
P()=1-3+2-1+1
P(1)=0
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Since the remainder is zero, x — 1 is a factor of P(x).

f) Evaluate P(1).

P(x)=4x"—2x" +3x* = 2x + 1
P(1)=4(1)* =201 +3(1)*=2(1) + 1
P(1)=4-2+3-2+1

P(1)=4

Since the remainder is not zero, x — 1 is not a factor of P(x).

Section 3.3  Page 133 Question 3

a) Evaluate P(-2).
P(x)=5x"+2x+6
P(-2)=5(-2)*+2(-2)+ 6
P(-2)=20-4+6
P(-2)=22

Since the remainder is not zero, x + 2 is not a factor of P(x).

b) Evaluate P(-2).
P(x)=2x"—x*—5x—8
P(-2)=2(-2) = (-2)* - 5(-2) -8
P(-2)=-16—-4+10-8
P(-2)=-18

Since the remainder is not zero, x + 2 is not a factor of P(x).

¢) Evaluate P(-2).
Px)=2x+2x*-x-6
P(-2)=2(-2) +2(-2)* - (-2) -6
P(-2)=-16+8+2-6
P(-2)=-12

Since the remainder is not zero, x + 2 is not a factor of P(x).

d) Evaluate P(-2).
Px)=x'-2x"+3x—4
P(-2)=(-2)* = 2(-2)* +3(-2) - 4
P(-2)=16-8-6-4
P(-2)=-2

Since the remainder is not zero, x + 2 is not a factor of P(x).

e) Evaluate P(-2).

Px)=x'+3x-x¥-3x+6

P(2)=(-2)"+3(2)° - (-2)*-3(2)+6
P(-2)=16-24-4+6+6

P(2)=0

Since the remainder is zero, x + 2 is a factor of P(x).
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f) Evaluate P(-2).

Px)=3x"+5+x-2

P(-2)=3(-2)" +5(-2)* + (-2)-2

P(-2)=48+20-2-2

P(-2)=064

Since the remainder is not zero, x + 2 is not a factor of P(x).

Section 3.3  Page 133 Question 4

a) Let P(x) =x" + 3x> — 6x — 8. The possible integral zeros of the polynomial are the
factors of the constant term, —8: +1, £2, +4, and +8.

b) Let P(s) = s> + 4s” — 155 — 18. The possible integral zeros of the polynomial are the
factors of the constant term, —18: +1, £2, £3, +£6, +9, and +18.

¢) Let P(n) =n’ — 3n* — 10n + 24. The possible integral zeros of the polynomial are the
factors of the constant term, 24: £1, £2, £3, +4, +6, £8, £12, and +24.

d) Let P(p)=p* — 2p° — 8p* + 3p — 4. The possible integral zeros of the polynomial are
the factors of the constant term, —4: +1, £2, and +4.

e) Let P(z) =z' + 52° + 222 + 7z —15. The possible integral zeros of the polynomial are
the factors of the constant term, —15: =1, £3, +5, and £15.

f) Let P(y) =" — 5" — 7y* + 21y + 4. The possible integral zeros of the polynomial are
the factors of the constant term, 4: +1, £2, and +4.

Section 3.3  Page 134 Question 5

a) For P(x)=x> — 6x” + 11x — 6, the possible integral zeros of the polynomial are the
factors of the constant term, —6: £1, £2, £3, and +6. Test these values to find a first factor:
P(1) = 0. Use synthetic division to find the other factors.
-1 1 -6 11 -6

-1 5 —6
1 -5 6 0

Then, the remaining factor x> — 5x + 6 can be factored as (x — 2)(x — 3).
So, P(x) = (x — 1)(x — 2)(x — 3).

X

b) For P(x)=x" + 2x* — x — 2, the possible integral zeros of the polynomial are the
factors of the constant term, —2: £1 and £2. Test these values to find a first factor:
P(1) = 0. Use synthetic division to find the other factors.
1| 1 2 -1 -2

-1 -3 -2

1 3 2 0

X
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Then, the remaining factor x* + 3x + 2 can be factored as (x + 1)(x + 2).
So, P(x) =(x— 1)(x + 1)(x + 2).

¢) For P(v) =V’ +1* — 16v — 16, the possible integral zeros of the polynomial are the
factors of the constant term, —16: £1, £2, +4, +8, and +16. Test these values to find a first
factor: P(—1) = 0. Use synthetic division to find the other factors.

+1] 1 1 -16 -16
1 0 -16

1 0 -l6 0

Then, the remaining factor v* — 16 can be factored as (v + 4)(v — 4).
So, P(v)=(v+ 1)(v +4)(v—4).

X

d) For P(x)=x"+4x’ — 7x* — 34x — 24, the possible integral zeros of the polynomial are
the factors of the constant term, —24: +1, £2, 3, +4, +6, £8, +12, and +24. Test these
values to find a first factor: P(—1) = 0. Use synthetic division to find the other factors.

+1[ 1 4 -7 34 24

— 1 3 -10 24

x| 1 3 -10 -24 0
Repeat the process with the remaining factor x° + 3x* — 10x — 24. Test factors of the
constant term, —24: P(-2) = 0.

+2[ 1 3 -10 -24

- 2 2 24

x| 1 1 -12 0

Then, the remaining factor x> + x — 12 can be factored as (x + 4)(x — 3).
So, P(x) = (x + 1)(x + 2)(x + 4)(x — 3).

e) For P(k) =k + 3k* — 5k — 15k* + 4k + 12, the possible integral zeros of the
polynomial are the factors of the constant term, 12: +1, £2, £3, +4, +6, and +12. Test
these values to find a first factor: P(1) = 0. Use synthetic division to find the other
factors.

-1f 1 3 -5  -15 4 12

- -1 —4 1 16 12

x| 1 4 -1 -16 -12 0
Repeat the process with the remaining factor k* + 4k° — k* — 16k — 12. Test factors of the
constant term, —12: P(—1) = 0.

+1f 1 4 -1 -16 -12

- 1 3 -4 12

x 11 3 -4 -12 0

Then, the remaining factor &° + 3k* — 4k — 12 can be factored by grouping as
(k +3)(K* — 4.
So, P(k) = (k— 1)(k+ 1)(k+ 3)(k+2)(k—2).
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Section 3.3  Page 134 Question 6

a) For P(x)=x> — 2x* — 9x + 18, the possible integral zeros of the polynomial are the
factors of the constant term, 18: £1, +2, +3, 6, 9, and +18. Test these values to find a
first factor: P(2) = 0. Use synthetic division to find the other factors.
| ) -9 18

-2 0 18

1 0 -9 0

Then, the remaining factor x> — 9 can be factored as (x + 3)(x — 3).
So, P(x) = (x —2)(x + 3)(x — 3).

b) For P(t) = + ¢* — 22t — 40, the possible integral zeros of the polynomial are the
factors of the constant term, —40: 1, £2, +4, +£5, £8, £10, £20, and +40. Test these values
to find a first factor: P(—2) = 0. Use synthetic division to find the other factors.

+2[ 1 1 22 40

- 2 -2 40

I -1 =20 0

Then, the remaining factor * — t — 20 can be factored as (¢ + 4)(¢ — 5).
So, P(t) = (¢t + 2)(t + 4)(t - 5).

X

¢) For P(h)=h’>—27h+ 10, the possible integral zeros of the polynomial are the factors
of the constant term, 10: £1, £2, £5, and +£10. Test these values to find a first factor:
P(5) = 0. Use synthetic division to find the other factors.
=511 0 =27 10

-5 25 10

1 5 -2 0

Then, the remaining factor 4* + 5h — 2 cannot be factored.
So, P(h) = (h— 5)(h* + 5h - 2).

X

d) For P(x)=x"+ 8x° + 2x — 15, the possible integral
zeros of the polynomial are the factors of the constant
term, —15: +1, £3, £5, and £15. Test these values to find
that none of them is a factor.

Graphing the corresponding function shows one non-
integral zero at x = 1.1.

ZerFo [
n=1.11=944 I¥=a

e) For P(q) = ¢+ 2¢° + 24 — 2¢ — 3, the possible
integral zeros of the polynomial are the factors of the constant term, —3: +1 and +3. Test
these values to find a first factor: P(1) = 0. Use synthetic division to find the other
factors.
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1 3 5 3 0

Repeat the process with the remaining factor ¢° + 3¢* + 5¢ + 3. Test factors of the

constant term, 3: P(—1) = 0.

+1] 1 3 5 3
- 1 2 3

1 2 3 0

X

Then, the remaining factor ¢* + 2¢ + 3 cannot be factored.

So, P(q) = (¢~ 1)(g + 1)(¢" +2¢ +3).
Section 3.3  Page 134 Question 7

a) Solve P(2) = 0 to determine the value(s) of .
Px)=x"—x+k

0=2"-2+k

0=2+k

k=-2

b) Solve P(—k) = 0 to determine the value(s) of &.
Px)=x"—6x—7

0=(-h)>—6(-Fk) -7

0=FK+6k—17

0=((k+7)k-1)
k+7=0 or k—1=0

k=-7 k=1

¢) Solve P(-2) = 0 to determine the value(s) of .
Px)=x+4x*+x+k
0=(2)+4(-2"+(2)+k
0=6+k
k=-6

d) Solve P(2) = 0 to determine the value(s) of &.
Px)=x*+kx— 16

0=2"+k(2)-16

0=2k-12

k=6
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Section 3.3 Page 134 Question 8

Factor V(h) = h> — 2h* + h.

V(hy=h —2h*+h

V(h)=h(h* = 2h + 1)

Vihy=h(h—1)(h—1)

The possible dimensions of the bookcase are 4, 7 — 1, and & — 1.

Section 3.3  Page 134 Question 9

Factor V() = £ — 2% — 15¢.

V)= —-20—15¢

V() = (6> — 2¢ — 15)

V(€)= (L - 5)(C+3)

The possible width and height of the racquetball court are £ — 5 and £ + 3.

Section 3.3  Page 134 Question 10
For V(x) =x’ + 5x* — 2x — 24, the possible integral zeros of the polynomial are the factors

of the constant term, —24: +1, £2, £3, +4, +6, £8, £12, and £24. Test these values to find a
first factor: P(2) = 0. Use synthetic division to find the other factors.

21 5 2 24
= 2 14 24
<1 7 12 0

Then, the remaining factor x* + 7x + 12 can be factored as (x + 3)(x + 4).

So, V(x) = (x —2)(x + 3)(x + 4).

The possible dimensions of the block, in centimetres, are (x —2) cm by (x + 3) cm by
(x+4)cm.

Section 3.3  Page 134 Question 11

For V(x) =x" + 14x* + 63x + 90, the given factor is x + 6. Use synthetic division to find
the other factors.

+6| 1 14 63 90
- 6 48 90

x |1 8 15 0

Then, the remaining factor x* + 8 + 15 can be factored as (x + 3)(x + 5).

So, V(x) = (x + 6)(x + 3)(x + 5).

The polynomials that represent the possible length and width of the fish tank are x + 3
and x + 5.
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Section 3.3  Page 135 Question 12

a) x — 5 is a possible factor because it is the corresponding factor for x = 5.
Evaluate f(5).

fx) =x*— 14x° + 69x* — 140x + 100

A5)=(5)" = 14(5)° + 69(5)* — 140(5) + 100

f(5)=625—-1750 + 1725 - 700 + 100

f5)=0

Since f{5) =0, x — 5 is a factor of the polynomial function.

b) Use synthetic division to find the other factors.

=511 -14 69 140 100
- -5 45 -120 100

x{'1 -9 24 -20 0
Repeat the process with the remaining factor x° — 9x* + 24x — 20. Test factors of the
constant term, —20: P(2) = 0.

21 -9 24 =20

- -2 14 20

x1'1 -7 10 0

Then, the remaining factor x> — 7x + 10 can be factored as (x — 5)(x — 2).

So, fix) = (x — 5)*(x — 2)*.

Since x — 2 is also a factor, another length of plastic that is extremely weak is a 2-ft
section.

Section 3.3  Page 135 Question 13

X6 11+ 6x =x(x* + 6x° + 11x + 6)

Factor x’ + 6x” + 11x + 6 to find expressions for the other three integers.

The possible integral zeros of the polynomial are the factors of the constant term, 6: +1,
+2, +3, and +6. Test these values to find a first factor: P(—1) = 0. Use synthetic division to
find the other factors.

+1] 1 6 11 6
- 1 5 6
1 5 6 0

Then, the remaining factor x* + 5x + 6 can be factored as (x + 2)(x + 3).
So, x* + 6x° + 11x% + 6x = x(x + D)(x + 2)(x + 3).
Possible expressions for the other three integers are x + 1, x + 2, and x + 3.

X
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Section 3.3  Page 135 Question 14

Evaluate f(1).

fx)=ax*+bx’ +ex’ —de+e

AD =a() +b(1) + (1) —d(1) +e

fiH)=a+b+c+d+e

Since a + b + ¢ + d + e = 0, this polynomial is divisible by x — 1.

2

Section 3.3  Page 135 Question 15

Let P(x) = 2x> + mx* + nx — 3 and O(x)=x> = 3mx" + 2nx + 4.
Solve a system of equations represented by P(2) = 0 and O(2) = 0.

P(x)=2x" + mx* + nx -3 Q(x)=x3—3mx2+2nx+4
0=22) +m2)* +n2)-3 0="2°—3m(2)* +2n(2) + 4
0=16+4m+2n-3 0=8-12m+4n+4

~13=4m+2n @ —12=-12m + 4n

—-6=—-6m+2n @
Subtract equation @ from ©: -7 = 10m
7

10

Substitute m = —% into equation @: —6 = —6(—%} +2n

102
20
51

10

Section 3.3  Page 135 Question 16

a) i) For P(x) =x’ — 1, the possible integral zeros of the polynomial are the factors of the
constant term, —1. Test these values to find a first factor: P(1) = 0. Use synthetic division
to find the other factors.
-1] 1 0 0 -1

-1 -1 -1

1 1 1 0

Then, the remaining factor x* + x + 1 cannot be factored.
So, P(x) = (x — 1)(x* + x + 1).

X

ii) For P(x) = x* — 27, the possible integral zeros of the polynomial are the factors of the
constant term, —27. Test these values to find a first factor: P(3) = 0. Use synthetic
division to find the other factors.
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=31 1 0 0 =27
-3 9 =27

1 3 9 0

Then, the remaining factor x> + 3x + 9 cannot be factored.
So, P(x) = (x — 3)(x* + 3x + 9).

iii) For P(x) = x> + 1, the possible integral zeros of the polynomial are the factors of the
constant term, 1. Test these values to find a first factor: P(—1) = 0. Use synthetic division
to find the other factors.

+1] 1 0 0 1
- I -1 1
I -1 1 0

Then, the remaining factor x* — x + 1 cannot be factored.
So, P(x) = (x + )(x* —x + 1).

X

iv) For P(x) = x’ + 64, the possible integral zeros of the polynomial are the factors of the
constant term, 64. Test these values to find a first factor: P(—4) = 0. Use synthetic
division to find the other factors.

+4{ 1 0 0 64

- 4 -16 64

x|'1 -4 16 0

Then, the remaining factor x* — 4x + 16 cannot be factored.
So, P(x) = (x + 4)(x* — 4x + 16).

b) From the results in part a), I would expect x + y to be a factor of x* + °. Then, the
remaining factor will be x* — xy +1°.

¢) From the results in part a), I would expect x — y to be a factor of x° — )°. Then, the
remaining factor will be x* + xy + %

d) Rewrite x° + y6 as (x%)° + ()/2)3 . From the results in part b),
6., .6 2, N4 22 T4
Xy =y Xyt ).

Section 3.3  Page 135 Question C1

The x-intercepts of the graph of f{x) = xt=3x -4 give the zeros of the function. In turn,
these provide the binomial factors of the polynomial. Since the x-intercepts are —2 and 2,
x + 2 and x — 2 are factors. Use division by one of these factors to determine the other
factors.

+2
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Repeat the process with P(x) = x* — 2x” + x — 2 with the other known factor.
21 =2 1 -2
— -2 0 -2

1 0 1 0

Then, the remaining factor x* + 1 cannot be factored.
So, fix) = (x + 2)(x — 2)(x* + 1).

X

Section 3.3  Page 135 Question C2

For P(x) =x* — x* + 2x* — 5, the possible integral zeros of the polynomial are the factors
of the constant term, —5: +1 and +£5.

Graphing the polynomial and determining the x-intercepts is another method of finding
ossible factors. In this case, there are no integral zeros.

CeFn -] o)
n=-1.0BzE4z 1V=0 n=1l.z0EzEz1 1Y=0

Section 3.3  Page 135 Question C3

You can use the factor theorem, the integral zero theorem, the quadratic formula, and
synthetic division to factor a polynomial of degree greater than or equal to three.

* Use the integral zero theorem to list possible integer values for the zeros.

* Next, apply the factor theorem to determine one factor.

* Then, use synthetic division to determine the remaining factor.

* Repeat the above steps until all factors are found.

* When the remaining factor is a quadratic that cannot be factored, the exact roots may be
found using the quadratic formula.

Section 3.4 Equations and Graphs of Polynomial Functions
Section 3.4  Page 147 Question 1

a) x(x+3)x—4)=0

x=0 or x+3=0 or x—4=0
x=-3 x=4
b) x—3)x—5x+1)=0
x—3=0 or x—5=0 or x+1=0
x=3 x=5 x=-1
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¢) 2x+4)(x—3)=0
2x+4=0 or x—3
x=-2 b

0
3

Section 3.4  Page 147 Question 2

a) (x+1)°’(x+2)=0

x+1=0 or x+2=0
xX=— x=-2
b) X —1=0
=1
x=1

¢) (x+4P’(x+2)y=0
x+4=0 or x+2=0
x=-4 x=-2

Section 3.4  Page 148 Question 3

a) Since the graph of the polynomial function crosses the x-axis at all three x-intercepts,
they are of odd multiplicity. The least possible multiplicity of each x-intercept is 1, so the
least possible degree is 3. The graph extends down into quadrant IIT and up into quadrant
I, so the leading coefficient is positive. Since the x-intercepts, or roots, are -3, —2, and 1,
the factors are x + 3, x + 2, and x — 1. The corresponding polynomial possible equation is
x+3)x+2)(x—-1)=0.

b) Since the graph of the polynomial function crosses the x-axis at all three x-intercepts,
they are of odd multiplicity. The least possible multiplicity of each x-intercept is 1, so the
least possible degree is 3. The graph extends up into quadrant II and down into quadrant
IV, so the leading coefficient is negative. Since the x-intercepts, or roots, are —4, 1, and 3,
the factors are x + 4, x — 1, and x — 3. The corresponding polynomial possible equation is
—(x+4)x-1Dx-3)=0.

¢) Since the graph of the polynomial function crosses the x-axis at two of the x-intercepts
and touches the x-axis at one of the x-intercepts, the least possible multiplicities of these
x-intercepts are, respectively, 1 and 2, so the least possible degree is 4. The graph extends
down into quadrant IIT and down into quadrant IV, so the leading coefficient is negative.
Since the x-intercepts, or roots, are —4 (multiplicity 2), 1, and 3, the factors are (x + 4)2,
x—1, and x — 3. The corresponding polynomial possible equation is

—(x +4)*(x - 1)(x-3)=0.
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Section 3.4  Page 148 Question 4
a) i) The x-intercepts are —4, —1, and 1.

ii) The function is positive for values of x in the intervals 4 <x <—1 and x > 1. The
function is negative for values of x in the intervals x <—4 and -1 <x <.

iii) Since the graph of the polynomial function crosses the x-axis at all three x-intercepts,
the least possible multiplicity of each zero is 1.

b) i) The x-intercepts are —1 and 4.
ii) The function is negative for values of x in the intervals x <-1, -1 <x <4, and x > 4.

iii) Since the graph of the polynomial function touches the x-axis at both x-intercepts, the
least possible multiplicity of each zero is 2.

¢) i) The x-intercepts are —3 and 1.

ii) The function is positive for values of x in the intervals x <—3 and x > 1. The function
is negative for values of x in the interval -3 <x <1.

iii) Since the graph of the polynomial function crosses the x-axis at both x-intercepts, the
least possible multiplicity of each zero is 1. However, the shape of the graph close to the
x-intercept of 1 is similar to the shape of the cubic curve y = (x — 1)*, so that zero has
multiplicity of 3.

d) i) The x-intercepts are —1 and 3.

ii) The function is positive for values of x in the interval x <—1. The function is negative
for values of x in the intervals —1 <x <3 and x > 3.

iii) Since the graph of the polynomial function crosses the x-axis at one of the x-intercepts
and touches the x-axis at one of the x-intercepts, the least possible multiplicities of these
x-intercepts are, respectively, 1 and 2. However, the shape of the graph close to the
x-intercept of —1 is similar to the shape of the cubic curve y = (x + 1)°, so that zero has
multiplicity of 3.

Section 3.4  Page 148 Question 5
a) Compare to the graph of the base function y = x>. This graph has been translated

2 units to the right and 2 units down: 4 = 2 and k = -2. So, the equation of the function is
y=(x- 2)* — 2: choice B.
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b) Compare to the graph of the base function y = x’. This graph has been reflected in the
y-axis and translated 1 unit up: » =—1 and k= 1. So, the equation of the function is
y= (—x)’ + 1: choice D.

¢) Compare to the graph of the base function y = x*. This graph has been stretched
vertically and translated 3 units up: a > 0 and & = 3. So, the equation of the function must
be y = 0.5x"* + 3: choice C.

d) Compare to the graph of the base function y = x*. This graph has been stretched
horizontally and translated 1 unit to the right and 2 units down: 56> 0, 2= 1, and k =-2.
So, the equation of the function must be y = (2(x — 1))* — 2: choice A.

Section 3.4  Page 149 Question 6
a) Compare the functions y = 0.5(-3(x — 1))’ + 4 and y = a(b(x — h))" + k to determine
the values of the parameters.

. 1 . :
= —3 corresponds to a horizontal stretch of factor 3 and a reflection in the y-axis.

Multiply the x-coordinates of the points in column 1 by —% .

a = 0.5 corresponds to a vertical stretch of factor 0.5. Multiply the y-coordinates of the
points in column 2 by 0.5.

h =1 corresponds to a translation of 1 unit to the right and & = 4 corresponds to a
translation of 4 units up. Add 1 to the x-coordinates and 4 to the y-coordinates of the
points in column 3.

b)
y=x | y=(-3x° | y=05-3x)" | y=0.5(-3(x—1)) +4
o 646 [ G
oo | (BA) [ D s
1L=D 3’ 372 3’2
(0, 0) (0, 0) (0, 0) (1, 4)
1 11 29
av | (5] (53] 53)
o |G G 6
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Section 3.4  Page 149 Question 7

a) i) Factor the polynomial expression x° — 4x” — 45x.
y=x—4x* — 45x

y = x(x* — 4x — 45)

y=x(x-9)(x+5)

So, the x-intercepts of the graph are 0, 9, and 5.

ii) The function is of degree 3 and the leading coefficient is positive. The graph of the
function extends down into quadrant III and up into quadrant I.

iii) The zeros are 0, 9, and —5, each of multiplicity 1.
iv) The y-intercept is 0.

v) Use the end behavior and multiplicity of the zeros. The graph begins in quadrant III,
passes through x = —5 to above the x-axis, down through the origin to under the x-axis,
and passes through x = 9 upward into quadrant I. The function is positive for values of x
in the intervals —5 <x < 0 and x > 9. The function is negative for values of x in the
intervals x <—5and 0 <x <9.

b) i) Factor the polynomial expression xt—81x%
Ax)=x" - 81x7

fx) =x*(x* - 81)

fx) =2 (x=9)(x +9)

So, the x-intercepts of the graph are 0, 9, and 9.

ii) The function is of degree 4 and the leading coefficient is positive. The graph of the
function extends up into quadrant II and up into quadrant 1.

iii) The zeros are 0 (multiplicity 2) and 9 and -9, each of multiplicity 1.

iv) The y-intercept is 0.
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v) Use the end behavior and multiplicity of the zeros. The graph begins in quadrant II,
passes through x = -9 to below the x-axis, touches the x-axis at x = 0, passes through

x =9 upward into quadrant I. The function is positive for values of x in the intervals

x <=9 and x > 9. The function is negative for values of x in the intervals -9 <x <0 and
0<x<0.

¢) i) Factor the polynomial expression x* + 3x* — x — 3.
h(x)=x>+3x*—x—3

h(x) = x*(x +3) = (x + 3)

h(x) = (x +3)(* - 1)

h(x)=(x+3)x—1Dx+1)

So, the x-intercepts of the graph are -3, 1, and —1.

ii) The function is of degree 3 and the leading coefficient is positive. The graph of the
function extends down into quadrant I1I and up into quadrant I.

iii) The zeros are -3, 1, and —1, each of multiplicity 1.
iv) The y-intercept is —3.

v) Use the end behavior and multiplicity of the zeros. The graph begins in quadrant III,
passes through x = -3 to above the x-axis, passes through x = —1 to below the x-axis,
passes through the y-intercept and the x-axis at x = 1 upward into quadrant I. The function
is positive for values of x in the intervals —3 <x <—1 and x > 1. The function is negative
for values of x in the intervals x <-3 and -1 <x < 1.

d) i) For k(x) = —x* — 2x° + 7x* + 8x — 12, the possible integral zeros of the polynomial
are the factors of the constant term, —12: +1, +2, £3, +4, +6, and £12. Test these values to
find a first factor: &(1) = 0. Use synthetic division to find the other factors.
-1|-1 2 7 8 12

1 3 4 12

-1 -3 4 12 0

The remaining factor —x° — 3x” + 4x + 12 can be factored.
o =3 +4x+ 12

= x*(x+3)+4(x+3)

=(x+3)(x +4)

=—(x+3)(x" - 4)

=—(x+3)(x+2)(x-2)

So, k(x) =—(x — 1)(x + 3)(x + 2)(x — 2).

The x-intercepts of the graph are 1, -3, -2, and 2.

X

ii) The function is of degree 4 and the leading coefficient is negative. The graph of the
function extends down into quadrant I1I and down into quadrant IV.
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iii) The zeros are 1, -3, -2, and 2, each of multiplicity 1.
iv) The y-intercept is —12.

v) Use the end behavior and multiplicity of the zeros. The graph begins in quadrant III,
passes through x = -3 to above the x-axis, passes down through x = -2 to below the
x-axis, passes through the y-intercept and up through the x = 1, and back down through

x =2 into quadrant IV. The function is positive for values of x in the intervals -3 <x <-2
and 1 <x < 2. The function is negative for values of x in the intervals x <-3, -2 <x <1,
and x > 2.

Section 3.4  Page 149 Question 8

a) b)
ZYN' Pl fix) 4 4.
100 - H—B 14 \H 4 ﬂsII X
P N n ﬂ‘“ a
‘—m?m JID 030X | ‘1‘! |
1] wj \
YAV \ A\
FTo 1 [vE 4 4% 1 4bx \ w%»c /
506 Y fix= X 181X
c) d)
h{x}.ﬂh I k{x]lh
4 A
NS < |
rf‘&\“ S A j: 'EEN N
NIy IFR ) W MR Wk 1]
\ Linl/
| / A\
tr[y —:34..4:,«2_;«_:1 J'{xi—x‘—ﬁxH?H Bx— 12
r L 4 L i w

Section 3.4  Page 149 Question 9

a) First factor out the common factor.

fo)=x*—4x* +x*+ 6x

fx) =x(x — 4x> + x + 6)

For P(x) = x> — 4x* + x + 6, the possible integral zeros of the polynomial are the factors of
the constant term, 6: £1, £2, +3, and 6. Test these values to find a first factor: P(—1) = 0.
Use synthetic division to find the other factors.
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X

I -5 6 0
Then, the remaining factor x> — 5x + 6 can be factored as (x — 2)(x — 3).
So, fix) =x(x + 1)(x — 2)(x — 3).

Use a table to organize information about the function. Then, use the information to
sketch the graph.

Degree 4

Leading Coefficient | 1

End Behaviour extends up into quadrant II and up into quadrant |
Zeros/X-Intercepts —1,0,2,and 3

y-Intercept 0

Intervals Where the | positive values of f(x) in the intervals x <—1, 0 <x <2, and
Function Is Positive |x>3

or Negative negative values of f{x) in the intervals -1 <x<0and 2 <x <3
Tlx) &
4_
2
T +1.0) 2.0] G0 [

)
-2 | - |gliojo) a\/s 4 |x

fik) &= %1457 £+ of 4{ BX

w

b) For P(x)=x" + 3x* — 6x — 8, the possible integral zeros of the polynomial are the
factors of the constant term, —8: £1, £2, +4, and +8. Test these values to find a first factor:
P(—1) = 0. Use synthetic division to find the other factors.

+1f 1 3 -6 -8

- 1 2 8

1 2 -8 0

Then, the remaining factor x* + 2x — 8 can be factored as (x + 4)(x — 2).
So,y=(x+ 1)(x+4)(x—2).

X

Use a table to organize information about the function. Then, use the information to
sketch the graph.
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Degree 3

Leading Coefficient | 1

End Behaviour extends down into quadrant III and up into quadrant I
Zeros/x-Intercepts —4,-1,and 2
y-Intercept —8

Intervals Where the | positive values of f{x) in the intervals 4 <x <-1 and x > 2
Function Is Positive | negative values of f(x) in the intervals x <—4 and -1 <x <2
or Negative

VA

1

5_
T 4J0) (= 1A0) (2. 0) N
Sl Ja] 2 \o 4 | 6| 8 %
EQ:E}' =[x+ Bxd — |65 —|B

w

¢) For P(x) =x" — 4x* + x + 6, the possible integral zeros of the polynomial are the
factors of the constant term, 6: £1, £2, +£3, and +6. Test these values to find a first factor:
P(—1) = 0. Use synthetic division to find the other factors.

+1| 1 4 1 6
- 1 -5 6
I -5 6 0

Then, the remaining factor x> — 5x + 6 can be factored as (x — 2)(x — 3).
So,y=(x+ 1)(x —2)(x—3).

X

Use a table to organize information about the function. Then, use the information to
sketch the graph.

Degree 3

Leading Coefficient | 1

End Behaviour extends down into quadrant III and up into quadrant [
Zeros/X-Intercepts —1,2,and 3

y-Intercept 6

Intervals Where the | positive values of f{x) in the intervals -1 <x <2 and x >3
Function Is Positive | negative values of f(x) in the intervals x <—1 and 2 <x <3
or Negative
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_L,-'.-il.
(0} &)

(+1.)0)] J2ON JiE0)
MIEFEEAL A a6 | 8
2-

=y

W=|x-4x+x+ 6

v

d) For P(x)=—x’ + 5x* — 7x + 3, the possible integral zeros of the polynomial are the
factors of the constant term, 3: =1 and £3. Test the values to find a first factor: P(1) = 0.
Use synthetic division to find the other factors.
-1 -1 5 -7 3

1 4 3

-1 4 3 0

Then, the remaining factor —x* + 4x — 3 can be factored as —(x — 1)(x — 3).
So, h(x) =—(x — 1)*(x — 3).

X

Use a table to organize information about the function. Then, use the information to
sketch the graph.

Degree 3

Leading Coefficient | -1

End Behaviour extends up into quadrant II and down into quadrant IV
Zeros/x-Intercepts 1 (multiplicity 2) and 3

y-Intercept 3

Intervals Where the | positive values of f{(x) in the intervals x <1 and 1 <x <3
Function Is Positive | negative values of f(x) in the interval x > 3
or Negative

)4
e
. AT NBo
Clojulod | 2 4X
h‘{%’: —x 4 5k - Tt B
k4
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e) The function g(x) = (x — 1)(x + 2)*(x + 3)* is in factored form.
Use a table to organize information about the function. Then, use the information to
sketch the graph.

Degree When the function is expanded, the exponent of the
highest-degree term is 5. The function is of degree 5.

Leading Coefficient | When the function is expanded, the leading coefficient is
1(1)(1%) or 1.

End Behaviour extends down into quadrant III and up into quadrant I
Zeros/X-Intercepts —3 (multiplicity 2), —2 (multiplicity 2), and 1
y-Intercept (0— 1)(0+2)*(0 +3)" =-36

Intervals Where the | positive values of f{x) in the interval x > 1
Function Is Positive | negative values of f(x) in the intervals x <-3, -3 <x <-2, and
or Negative —2<x<l1

(=3.0] =20 [(lo)

Z

{£H ;
[ = 10X + 2]'4[)( 4+ B
r

f) For P(x) =—x" — 2x’ + 3x> + 4x — 4, the possible integral zeros of the polynomial are
the factors of the constant term, —4: £1, £2, and +4. Test these values to find a first factor:
P(1) = 0. Use synthetic division to find the other factors.
1] -1 -2 3 4 4

1 3 0o -4

-1 3 0 4 0
Repeat the process with the remaining factor —x> — 3x” + 4. Test factors of the constant
term, 4: P(1) = 0.
-1 -1 3 0 4
1 4 4

1 4 4 0

Then, the remaining factor —x* — 4x — 4 can be factored as —(x + 2).

So, fix) =—(x — 1)*(x + 2)°.

Use a table to organize information about the function. Then, use the information to
sketch the graph.

X

X
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Degree 4

Leading Coefficient | -1

End Behaviour extends down into quadrant III and down into quadrant IV
Zeros/x-Intercepts —2 (multiplicity 2) and 1 (multiplicity 2)
y-Intercept —4

Intervals Where the | positive values of f{x) in no interval
Function Is Positive | negative values of f(x) in the intervals x <-2, -2 <x <1, and
or Negative x>1

y

11%)4
o)

=2
57

I.‘l.

6
f[x}:—x“—_
h

Section 3.4  Page 149 Question 10

a) Since the graph extends down into quadrant III and up into quadrant I, the sign of the
leading coefficient is positive. The x-intercepts are —2 (multiplicity 3) and 3 (multiplicity
2). The function is positive for values of x in the intervals —2 <x <3 and x > 3. The
function is negative for values of x in the interval x <-2. The equation for the polynomial
function is y = (x + 2)°(x — 3)*.

b) Since the graph extends up into quadrant Il and down into quadrant IV, the sign of the
leading coefficient is negative. The x-intercepts are —4, —1, and 3. The function is positive
for values of x in the intervals x <—4 and —1 <x < 3. The function is negative for values
of x in the intervals -4 <x <-—1 and x > 3. The equation for the polynomial function is
y=—(x+4)x+1)x-3).

¢) Since the graph extends down into quadrant III and down into quadrant I'V, the sign of
the leading coefficient is negative. The x-intercepts are —2, —1, 2, and 3. The function is
positive for values of x in the intervals —2 <x <-—1 and 2 <x < 3. The function is negative
for values of x in the intervals x <2, —1 <x <2, and x > 3. The equation for the
polynomial function is y = —(x + 2)(x + 1)(x — 2)(x — 3).

d) Since the graph extends up into quadrant II and up into quadrant I, the sign of the
leading coefficient is positive. The x-intercepts are —1, 1, and 3 (multiplicity 2). The
function is positive for values of x in the intervals x <—-1, 1 <x <3, and x > 3. The
function is negative for values of x in the interval —1 <x < 1. The equation for the
polynomial function is y = (x + 1)(x — 1)(x — 3)*.
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Section 3.4  Page 150 Question 11
1 ’ 1
a) Fory= 5(x—2) —3,a=1,b=5,h=2,andk=—3.

b) a = 1: no vertical stretch
b= % : horizontal stretch by a factor of 2

h = 2: horizontal translation of 2 units to the right
k = —3: vertical translation of 3 units down

¢) The domainis {x |x € R} and the range is {y | y € R}.

Section 3.4  Page 150 Question 12

Solve 2100 = x(25x)(10x + 1) by graphing. [ -.|!
The x-coordinate of the point of intersection is 2.
So, the dimensions of the pool are 2 m by 50 m by 21 m.

Inkerseckion

n=e L =zion
Section 3.4  Page 150 Question 13
The combined surface area of the pond and the boardwalk h___/__,—ﬂ"f
are given by S4 = (30 + 2x)(40 + 2x). o
Solve 2000 = (30 + 2x)(40 + 2x) graphically. .___-—"--'
At the point of intersection, x = 5. —1
The width of the boardwalk is 5 ft. [

Intersgckion

n=t L Y=g
Section 3.4 Page 150 Question 14
a) For a cubic function with zeros —3 (multiplicity 2) and 2 7}
and y-intercept —18, the corresponding factors are (x + 3) V=W FIFET2) f R
and (x —2) and ap =—18. NIEFErAY X

Try an equation with just the factors: y = (x + 3)*(x — 2).
Check the y-intercept.

y=(0+3)%(0-2)

y=-18

The equation with least degree is y = (x + 3)*(x — 2).
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b) For a quintic function with zeros —1 (multiplicity 3) and
2 (multiplicity 2) and y-intercept 4, the corresponding
factors are (x + 1)* and (x — 2)* and ao = 4.

Try an equation with just the factors: y = (x + 1)’(x — 2)°.
Check the y-intercept.

y=(0+10-2)

y=4

The equation with least degree is y = (x + 1)*(x — 2)%.

¢) For a quartic function with a negative leading
coefficient, zeros —2 (multiplicity 2) and 3 (multiplicity 2)
and a constant term of —6, the corresponding factors are
(x +2)* and (x — 3)* and ao = —6.

Try an equation with just the factors: y = —(x + 2)*(x — 3)%
Check the constant term.

»=~0+2)(0-3)

y=-36

) 1
To adjust the constant term, use a = g then ay = 6.

The equation with least degree is y = —% (x +2)%(x — 3)%.

Section 3.4  Page 150 Question 15

The width of a rectangular prism is w. Then, the height
is w—2, the length is w + 4, and V' = 8(w + 4).

Solve 8(w + 4) = w(w — 2)(w + 4) graphically.

The dimensions of the prism are 4 cm by 2 cm by 8 cm.

Section 3.4  Page 150 Question 16

Let three consecutive odd numbers be represented by x,
x+2,and x + 4.

Solve —105 = x(x + 2)(x + 4) graphically.

The three integers are —7, -5, and 3.
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Interseckion
i B

V=BY4

Interseckion |
n=-7

y=-105
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Section 3.4  Page 150 Question 17

Let x represent the side length of the smaller cube. Then 5 — x represents the side length
of the larger cube.

Determine an expression for the exposed surface area.

SAg = SA4s + SAL

SAg=5x"+ 5(5-x)" —x°

SAg = 4x” + 125 — 50x + 5x°

SAg = 9x* — 50x + 125

Solve 61 = 9x* — 50x + 125 graphically.

VAJIRY,

Intersection L

= ¥=h1

q.: A L
R ]

Since x represents the smaller cube, x = 2 is the only acceptable answer.
The side length of the smaller cube is 2 m and the side length of the larger cube is 3 m.

Section 3.4  Page 151 Question 18

a) The area of the border can be modelled by the polynomial expression (x* — 12)* — x°.

b) Solve 144 = (x* — 12)* — x* graphically. 7
The dimensions of Olutie’s wall hanging are | J_.
5in. by 5 in. N

¢) The dimensions of the border are 13 in. by 13 in.

Inkerseckion
n=E

=14y

Section 3.4  Page 151 Question 19

Let four consecutive integers be represented by x, x + 1, x + 2, and x + 3.
Solve 840 = x(x + 1)(x + 2)(x + 3) graphically.

/ |

Interseckion | Interseckion |
n=-r Y=H41 =y Y=H41

The four consecutive integers are —7, -6, —5, and —4 or 4, 5, 6, and 7.
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Section 3.4  Page 151 Question 20

For a cubic function with x-intercepts of V3,-+3,and 1 and a y-intercept of —1, the

corresponding factors are x — V3,x++/3,andx—1and ap=-1.
Try an equation with just the factors: y = (x — NE) )x + NE) )x—1).

Check the y-intercept.
y=(0-+3)0+3)0-1)
y=3

The equation of the cubic function is y = —% (x— NE) )x + V3 )x—1).

Section 3.4  Page 151 Question 21

First, determine the actual roots of the equation 2x° + 3x* — 23x — 12 =0.

-]
n=- ¥

n

o] ]
n=-. ¥=n

Zela
n=z V=0

So,a=-4,b=-0.5,and c = 3.

Then, a + b=—4.5, % =8, and ab = 2.

An equation with these roots is (x + 4.5)(x — 8)(x — 2) = 0.

Section 3.4  Page 151 Question 22

a) I predict that the graph of

y=x-2)-(x-2) represents a
horizontal translation by 2 units to the

right of the graph of y =x° — x”.

b)

IEE S e

Rzl =y
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¢) y=x -x y=@-2)7—(x-2)

y=x(x-1) y=(-2(x-2-1)
0=x*(x—1) y=(x-2)(x-3)
x¥=0 or x-1=0 0=(x—2)"(x—3)
x=0 x=1 (x=2*=0 or x-3=0
The x-intercepts are 0 and 1. x=2 x=3
The x-intercepts are 2 and 3.
Section 3.4  Page 151 Question 23
Use the information in the diagram and the Pythagorean
theorem to determine an expression for a* in terms of x:
a® = 2x — x. Substitute the expression for ¢ into
Veap = E(3a2 + xz) .
6 1
i , , E—x
ap = —@Ba +x%)
X

W
Vi =7 (2 =2) +)

w 2
Ve :?(6x—2x )

2
X

Ve =T(3_x)

2

™X
Vcap = Vdisp = 7(3 —.X)

2

: 1 :
Then, substitute Vaisp = %(3 =X)s Pouoy = 7 Pruia » Where p represents density, and

14 —%n(l)2 into p,.,V.

ooy = disp = PhuoyV buoy and solve for x.

pﬂuid Vdisp = pbuoy Vbuoy

o 1 47
Phuid {T (3- x)] = Zpﬂuid (? (l)zj

w(B-x)=n
3xT—x' =1

X =3x*+1=0

) ) T g
Graph the corresponding function and H=.BREF0ZEY V=i
determine the value of the zero that
makes sense in this case. So, x = 0.65.

The buoy sinks to a depth of approximately 0.65 m.
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Section 3.4  Page 152 Question C1

Example: It is easier to identify the zeros when a polynomial is in factored form. For
example,
y=(x—1)(x+2)(x +4) instead of y = x> + 5x* + 2x — 8.

Section 3.4  Page 152 Question C2

A root of an equation is a solution of the equation. A zero of a function is a value of
x for which f(x) = 0. An x-intercept of a graph is the x-coordinate of the point where a line
or curve crosses or touches the x-axis. They all represent the same value for x.

Section 3.4  Page 152 Question C3

Example: If the multiplicity of a zero is 1, the graph crosses the x-axis at that value. If the
multiplicity of a zero is even, the graph only touches the x-axis at that value. The shape of
a graph close to a zero of x = a (multiplicity n, where n is an odd number greater than 1)
is similar to the shape of the graph of a function with degree equal to » of the form

y=@-a).
Section 3.4  Page 152 Question C4

Step 1 Set A

WIHOOW :
amiln= -3 !
amaw=3 :

mecl=1 sl T
Ymin=-1@ T

Ymax=1H i
Yecl=1 E
mres=] F

Set B

W I HOOL
AMln= "o
Aamax=o
Ascl=1
Ymin=-1
Ymax=5
Y=cl=1
mres=1

a) The graph of y = x* + k is translated vertically k units compared to the graph of y = x°.
For example, y = x> + 3 is translated vertically 3 units compared to the graph of y = x".
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b) The graph of y = (x — h)* is translated horizontally 4 units compared to the graph
of y = x*. For example, y = (x + 2)" is translated horizontally 2 units to the left compared
to the graph of y = x*.

Step 2 In functions of the form y = a(b(x — h))" + k, parameter /& represents any
horizontal translation while parameter & represents any vertical translation.

Step 3 Set C

I T HO
amiln= -3
amaw=3
Ascl=1
Ymin= -6
Ymax=5
Yecl=1
mres=]

Set D

I T HO
amin= -5
amax=5
Ascl=1
Ymin= -6
Ymax=5
Yecl=1
mres=]

a) The graph of y = ax’ is stretched vertically by a factor of |a| relative to the graph of
y=x. When « is negative, the graph is reflected in the x-axis.

b) When the value of a is —1 <a <0 or 0 <a < 1, the graph of y = ax” is stretched
vertically by a factor of |a| relative to the graph of y = x*. When « is negative, the graph is
reflected in the x-axis.

Step 4 Set E

W IHOOL
amln= -2
amax=2
Ascl=1
Ymin= -6
Ymax=g
Y=cl=1
mres=1
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Set F

W IHOOL
AMln= -0
amax=5
Ascl=1
Ymin=-1
Ymax=g
Y=cl=1
mres=1

a) The graph of y = (bx)’ is stretched horizontally by a factor of |71| relative to the graph

of y = x*. When b is negative, the graph is reflected in the y-axis.

b) When the value of bis —1 <5 <0 or 0 < b < 1, the graph of y = (bx)* is stretched

. 1 . : .
horizontally by a factor of m relative to the graph of y = x*. When b is negative, the
graph is reflected in the y-axis.

Step 5 In functions of the form y = a(b(x — h))" + k, parameter a represents any vertical
stretch and/or reflection in the x-axis while parameter b represents any horizontal stretch
and/or reflection in the y-axis.

Chapter 3 Review

Chapter 3 Review Page 153 Question 1

a) The function y = v/x+1 is a radical function, not a polynomial function.
1

Jx+1 is the same as (x+1)?, which has an exponent that is not a whole number.

b) The function f(x) = 3x* is of the form gx)= a4x4 + a3x3 + a2x2 + aix + ao.
It is a polynomial of degree 4. The leading coefficient is 3 and the constant term is 0.

¢) The function g(x) =—3x> — 2x* + x is of the form g(x) = asx> + axx” + ayx + aq.
It is a polynomial of degree 3. The leading coefficient is —3 and the constant term is 0.

d) The function y = %x + 7 is of the form g(x) = a1x + ay.

It is a polynomial of degree 1. The leading coefficient is % and the constant term is 7.
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Chapter 3 Review Page 153 Question 2

a) The function s(x) = x* — 3x* + 5x is a quartic (degree 4), which is an even-degree
polynomial function. Its graph has a maximum of four x-intercepts. Since the leading
coefficient is positive, the graph of the function opens upward, extending up into
quadrant II and up into quadrant I, and has a minimum value. The graph has a y-intercept
of 0.

b) The function p(x) =—x" + 5x* — x + 4 is a cubic (degree 3), which is an odd-degree
polynomial function. Its graph has at least one x-intercept and at most three x-intercepts.
Since the leading coefficient is negative, the graph of the function extends up into
quadrant II and down into quadrant IV. The graph has no maximum or minimum values.
The graph has a y-intercept of 4.

¢) The function y = 3x — 2 is linear (degree 1), which is an odd-degree polynomial
function. Its graph has one x-intercept. Since the leading coefficient is positive, the graph
of the function extends down into quadrant III and up into quadrant I, and has a no
maximum or minimum value. The graph has a y-intercept of —2.

d) The function y = 2x* — 4 is a quadratic (degree 2), which is an even-degree polynomial
function. Its graph has a maximum of two x-intercepts. Since the leading coefficient is
positive, the graph of the function opens upward, extending up into quadrant II and up
into quadrant I, and has a minimum value. The graph has a y-intercept of —4.

e) The function y = 2x° — 3x> + 1 is a quintic (degree 5), which is an odd-degree
polynomial function. Its graph has at least one x-intercept and at most five x-intercepts.
Since the leading coefficient is positive, the graph of the function extends down into
quadrant III and up into quadrant I. The graph has no maximum or minimum values. The
graph has a y-intercept of 1.

Chapter 3 Review Page 153 Question 3
a) The function 4(7) = 11 500 — 16 is a quadratic function (degree 2).

b) Substitute = 12.

h(12) =11 500 — 16(12)*

h(12)=9196

The parachutist’s height above the ground after 12 s will be 9196 ft.

¢) Solve 1500 = 11 500 — 16¢” graphically.
The parachutist will be 1500 ft above the ground

after 25 s. -—-\

nkerseckion— T
=zE Y=1ED

I
i
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d) Solve 0= 11500 — 16¢ graphically.
The parachutist will reach the ground after
approximately 26.81 s.

P
n=ZB.ANBELE Y0

Chapter 3 Review Page 153 Question 4

a) P(x)=x"+9x*—5x+3
P(2)=2>+9(2)*-5(2)+3
P2)=8+36—-10+3
P(2)=37
The remainder when x° + 9x* — 5x + 3 is divided by x — 2 is 37.

For (x + 9x* — 5x +3) + (x = 2), x £ 2.
x* +11x+17
x—2>x3 +9x? —5x+3
x® =2x7
11x* —5x
11x*=22x
17x+3
17x-34
37

3 2
x +9x 5x+3=x2+11x+17+ 37

x—2 xX—

b) P(x)=2x"+x>—2x+1
P(-1)=2(-1) + (=1’ =2(-1) + 1
P =2+1+2+1
P(-1)=2
The remainder when 2x” + x* — 2x + 1 is divided by x + 1 is 2.

For 2’ +x* = 2x+ 1)+ (x+ 1), x #-1.
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2x* —x—1
x+1>2x3+x2 —2x+1
2x° +2x°

2
—x"—2x

—xt—x
—-x+1
-x—1

2

3,2
2X" +x 2x+1:2x2—x—1+ 2
x+1 x+1

¢) P(x)=12x"+ 13x*—23x + 7
P(1)=12(1)* + 13(1)* = 23(1) + 7
P(1)=12+13-23+7
P(1)=9

The remainder when 12x° + 13x* — 23x + 7 is divided by x — 1 is 9.

For (12x° + 13x* = 23x + 7) = (x — 1), x # 1.
-1 12 13 23 7

12 25 -2
12 25 2 9

3 2
12x° +13x 23x+7:12x2+25x+2+ 9
x—1 x—1

X

d) Ensure the polynomial is written in descending powers of x: —8x* + 10x® — 4x + 15.

P(x) =-8x* + 10x° — 4x + 15
P(-1)=-8(-1)*+10(-1) = 4(-1) + 15
P(-1)=-8-10+4+15

P(-1)=1

The remainder when —8x* + 10x° — 4x + 15 is divided by x + 1 is 1.

For (-8x* + 10x* — 4x + 15) = (x + 1), x £ 1.
+1| -8 10 0 4 15
- 8 18 -18 14

-8 18 -18 14 1

4 3
B —Ax+1007+15 _ o018 18x 4140

x+1 x+1

X
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Chapter 3 Review Page 153 Question 5

a) Solve P(3) =—14 to determine the value of £.
fx)=x"+ke —3x-5
~14=3*+k(3)-3(3)-5
~14=81+27k-9-5
-81 =27k
k=-3

b) Evaluate f(—3).
f)y=x'-3x"-3x-5
A-3)=(3)'-3(3) -3(:3) -5
A-3)=81+81+9-5
f(=3)=166
The remainder when x* + kx® — 3x — 5 is divided by x + 3 is 166.

Chapter 3 Review Page 153 Question 6

First, determine an expression for P(1) and P(-3).

P(x)=4x-3x"+bx+6 P(x)=4x-3x"+bx+6
P(1)=4(1)=3(1)*+b(1)+ 6 P(-3)=4(-3) = 3(-3)* + b(-3)+ 6
P(1)=4-3+b+6 P(-3)=-108 —27-3b+6
P(1)=b+7 P(-3)=-3b—129

Then, solve P(1) = P(-3) to determine the value of .
b+7=-3b-129
4b =-136
b=-34

Chapter 3 Review Page 153 Question 7

a) Evaluate P(1).

Px)=x"—x*—16x+16

P()=1"-17-16(1)+ 16

P()=1-1-16+16

P(1)=0

Since the remainder is zero, x — 1 is a factor of P(x).

b) Evaluate P(—1).

P(x)=x"—x*—16x+16

P(1)=(1)Y = (-1)*=16(-1) + 16
P1)=-1-1+16+16

P(-1)=30

Since the remainder is not zero, x + 1 is not a factor of P(x).
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¢) Evaluate P(—4).

P(x)=x —x"—16x+ 16

P(-4) = (-4)’ — (-4)* - 16(-4) + 16
P(4)=-64—-16+64+ 16

P(4)=0

Since the remainder is zero, x + 4 is a factor of P(x).

d) Evaluate P(4).

P(x)=x>—x*—16x+ 16

P(4)=4>—4*—16(4) + 16

P(1)=64—-16—-64+ 16

P(1)=0

Since the remainder is zero, x — 4 is a factor of P(x).

Chapter 3 Review Page 153 Question 8

a) For P(x)=x> — 4x” + x + 6, the possible integral zeros of the polynomial are the
factors of the constant term, —6: £1, £2, +3, and +6. Test these values to find a first factor:
P(—1) = 0. Use synthetic division to find the other factors.

+1] 1 -4 1 6

— I -5 6

I -5 6 0

Then, the remaining factor x? — 5x + 6 can be factored as (x — 2)(x — 3).
So, P(x) = (x + I)(x = 2)(x — 3).

X

b) P(x)=—4x’ — 4x* + 16x + 16 can be factored by grouping.
P(x) =—4x> — 4x* + 16x + 16

P(x) =—4x*(x + 1) + 16(x + 1)

P(x) = (x + 1)(—4x* + 16)

P(x) =-4(x + 1)(x* — 4)

Px)=—4(x+ 1)(x—-2)(x+2)

¢) For P(x) =x"*—4x’ —x* + 16x — 12, the possible integral zeros of the polynomial are
the factors of the constant term, —12: +£1, £2, 3, +4, +6, and £12. Test these values to
find a first factor: P(1) = 0. Use synthetic division to find the other factors.
-1 4 -1 16 -12

-1 3 4 —-12

1 -3 —4 12 0

Then, the remaining factor x° — 3x* —4x + 12 can be factored by grouping as
(x = 3)(x* —4).
So, P(x) = (x — 1)(x — 3)(x — 2)(x + 2).

X
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d) For P(x) =x" —3x" — 5x° + 27x* = 32x + 12, the possible integral zeros of the
polynomial are the factors of the constant term, 12: £1, 2, £3, +4, £6, and £12. Test
these values to find a first factor: P(1) = 0. Use synthetic division to find the other
factors.

1| 1 -3 =5 27 32 12

- -1 2 7 =20 12

x| 1 -2 -7 20 -12 0
Repeat the process with the remaining factor x* — 2x° — 7x* + 20x — 12. Test factors of the
constant term, —12: P(2) = 0.

2|1 -2 —7 20 -12

— -2 0 14 -12

x| 1 0 -7 6 0
Repeat the process with the remaining factor x° — 7x + 6. Test factors of the constant
term, 6: P(1)=0.

1] 1 0 -7 6

- -1 -1 6

x| 1 1 -6 0

Then, the remaining factor x> + x — 6 can be factored as (x + 3)(x — 2).
So, P(x) = (x — 1)*(x — 2)*(x + 3).

Chapter 3 Review Page 154 Question 9

a) For V(x)=2x"+ 7x* + 2x — 3, the possible integral zeros of the polynomial are the
factors of the constant term, —3: £1 and £3. Test these values to find a first factor:
P(—1) = 0. Use synthetic division to find the other factors.

+1] 2 7 2 -3
- 2 5 -3
x| 2 5 -3 0

Then, the remaining factor 2x” + 5x — 3 can be factored as (2x — 1)(x + 3).
So, V(x) = (x+ 1)2x — I)(x + 3).
The possible dimensions of the block, in metres, are (x + 1) by (2x — 1) by (x + 3).

b) When x = 1, the possible dimensions are 2 m by 1 m by 4 m.
Chapter 3 Review Page 154 Question 10

Solve P(-3) = 0 to determine the value(s) of £.

P(x)=x+4x*—2kx+3
0=(-3)+4(-3)"-2k(-3)+3
0=-27+36 +6k+3

—12 =6k
k=-2
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Chapter 3 Review Page 154 Question 11

a) The function y = (x + 1)(x — 2)(x + 3) is in factored form.

* So, the x-intercepts of the graph are —1, 2, and 3.

* The function is of degree 3 and the leading coefficient is positive. The graph of the
function extends down into quadrant III and up into quadrant I.

* The zeros are —1, 2, and —3, each of multiplicity 1. Vi
* The y-intercept is (0 + 1)(0 — 2)(0 + 3), or —6. 4
* Use the end behavior and multiplicity of the zeros. The graph /\

E4 4

down through x = —1 to under the x-axis, passes through the y-
intercept and through x = 2 upward into quadrant I. The function
is positive for values of x in the intervals -3 <x <-1 and x > 2.
The function is negative for values of x in the intervals x <-3
and -1 <x <2.

begins in quadrant III, passes through x = -3 to above the x-axis, |4 > R

Iy ﬁ';x— 2)(x + 3)
4

b) The function y = (x — 3)(x + 2)* is in factored form.
* So, the x-intercepts of the graph are —2 and 3.

* The function is of degree 3 and the leading coefficient is positive. The graph of the
function extends down into quadrant III and up into quadrant I.
* The zeros are —2 (multiplicity 2) and 3 (multiplicity 1).

« The y-intercept is (0 — 3)(0 + 2)*, or —12.

* Use the end behavior and multiplicity of the zeros. The

graph begins in quadrant III, touches the x-axis at x = -2,

V4

goes down through the y-intercept and back up passing NPARG 2] 516 x
through x = 3 upward into quadrant I. The function is 13
—1&

positive for values of x in the interval x > 3. The function
is negative for values of x in the intervals x <-2 and
-2 <x<3.

A EAE) (i

¢) Factor the polynomial expression x* — 16x”,

g(x)=x"—16x

glx)= xX(x* = 16)

&) =X (x - 4)(x +4)

* So, the x-intercepts of the graph are 0, 4, and —4.

* The function is of degree 4 and the leading coefficient is positive. The graph of the

function extends up into quadrant II and up into quadrant I.

* The zeros are 0 (multiplicity 2) and 4 and —4, each of multiplicity 1.

* The y-intercept is ao, or 0. alk) A

* Use the end behavior and multiplicity of the zeros. The . T T

graph begins in quadrant II, passes through x = —4 to below

the x-axis, touches the x-axis at x = 0, passes through

x =4 upward into quadrant I. The function is positive for

values of x in the intervals x <—4 and x > 4. The function is

negative for values of x in the intervals —4 < x <0 and |

0<x<4. q(x) = X — 16x3
r

-

b*3
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d) Factor the polynomial expression —x” + 16x.

glx)= —x° + 16x

g(x) =—x(x* - 16)

g0) = (" ~ (" + 4)

g(x) = x(x = 2)(x + 2)(x" + 4)

* So, the x-intercepts of the graph are 0, 2, and —2.

* The function is of degree 5 and the leading coefficient is

negative. The graph of the function extends up into alix) 4
quadrant II and down into quadrant I'V. 16
* The zeros are 0, 2, and -2, each of multiplicity 1.

* The y-intercept is ay, or 0. 81

* Use the end behavior and multiplicity of the zeros. The

dixf=Fx 1 1bx

graph begins in quadrant II, passes through x =-2 to
below the x-axis, passes through x = 0 to above the
x-axis, and passes through x = 2 downward into quadrant
IV. The function is positive for values of x in the intervals
x <=2 and 0 <x < 2. The function is negative for values v
of x in the intervals -2 <x <0 and x > 2.

Chapter 3 Review Page 154 Question 12

a) Compare the functions y = 2(—4(x — 1))’ + 3 and y = a(b(x — h))" + k to determine the

values of the parameters.

. 1 . :
b =—4 corresponds to a horizontal stretch of factor 7 and a reflection in the y-axis.

a =2 corresponds to a vertical stretch of factor 2.

h =1 corresponds to a translation of 1 unit to the right and £ = 3 corresponds to a

translation of 3 units up.

b)

Transformation Parameter Equation
Value

4| r= 4y

horizontal stretch/
reflection in the y-axis
vertical stretch/

_ 3
reflection in the x-axis 2 y=2(4)
translation left/right 1 y=2(-4(x— 1))’
Translation up/down 3 y=2(-4(x— 1) +3
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V= PEap £ 1)F+ 3

o]l o5 1o0/lis] 2o 25 |%

Chapter 3 Review Page 154 Question 13

a) Since the graph extends down into quadrant III and up into quadrant I, the sign of the
leading coefficient is positive. The x-intercepts are —3 (multiplicity 2) and —1. The
function is positive for values of x in the interval x > —1. The function is negative for
values of x in the intervals x <—3 and —3 < x <—1. The equation for the polynomial
function is y = (x + 3)*(x + 1).

b) Since the graph extends down into quadrant III and down into quadrant IV, the sign of
the leading coefficient is negative. The x-intercepts are —1 and 2 (multiplicity 3). The
function is positive for values of x in the interval —1 < x < 2. The function is negative for
values of x in the intervals x <—1 and x > 2. The equation for the polynomial function is
y=—(x+Dx-2).

Chapter 3 Review Page 154 Question 14

a) For a quartic function with zeros -2, —1, and 3 (multiplicity 2), the corresponding
factors are (x + 2), (x + 1), and (x — 3)%.

Example: Two equations that satisfy this condition are: y = (x + 2)(x + 1)(x — 3)? and
y=—(+2)x+ Hx-3).

b) Determine the value of @ so that the graph of y = a(x + 2)(x + 1)(x — 3)* passes
through the point (2, 24).
24 =a(2+2)2 + 1)(2 - 3)?
24 =a(4)(3)(1)
24 =12a
a=2
So, the equation of the function that satisfies these conditions is
y=2(x+2)(x + 1)(x - 3)"

Chapter 3 Review Page 154 Question 15

a) Let x represent the length of the cardboard box. Then, the width is x — 5, the height is
2x, and the equation for the volume is V(x) = x(x — 5)(2x).
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b) Solve 384 = x(x — 5)(2x) graphically.

The dimensions of the box are 8 cm by 3 cm by 16 cm.

Fal
Inkerseckion
n=B [ Y==HY4

Chapter 3 Practice Test

Chapter 3 Practice Test Page 155 Question 1

Odd-degree polynomials have at least one x-intercept. So, choice C is true.
Chapter 3 Practice Test Page 155 Question 2

Evaluate P(1).

P(x)=3x"+4x>+2x -9

P(1)=3(1)* +4(1)*+2(1)-9

P(H)=3+4+2-9

P(1)=0

Since the remainder is zero, x — 1 is a factor of P(x) and statement B is true.

Chapter 3 Practice Test Page 155 Question 3

For P(x) =x" — 2x> — 7x* — 8x + 12, the possible integral zeros of the polynomial are the
factors of the constant term, 12: £1, +£2, £3, +4, +6, and £12. Choice D is correct.

Chapter 3 Practice Test Page 155 Question 4

Consider A: Evaluate P(1).

P(x)=2x"—5x"—9x + 18

P(1)=2(1)’ = 5(1)>=9(1) + 18

P(1)=2-5-9+18

P(1)=6

Since the remainder is not zero, x — 1 is not a factor of P(x).

Consider B: Evaluate P(-2).

P(x)=2x"—5x"—9x + 18

P(-2)=2(-2)* = 5(-2)* = 9(-2) + 18
P(-2)=-16—-20+18 + 18

P(-2)=0

Since the remainder is zero, x + 2 is a factor of P(x).
Choice B is correct.
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Chapter 3 Practice Test Page 155 Question 5

1 ’ 1 -
For y = 3(2()(—5)} -2,a=3,b= 2 h =15, and k =-2. To obtain this graph, the graph

of y = x* will be vertically stretched by a factor of 3, horizontally stretched by a factor of
4, and translated 5 units to the right and 2 units down: choice C.

Chapter 3 Practice Test Page 155 Question 6

a) (x+4)>(x-3)=0 b) (x-3)’x+1)>=0
x+4=0 or x-3=0 x=3=0 or x+1=0
x=—4 x=3 x=3 x=-1
¢ (4x*—16)x*—3x-10)=0 d) (9 -81)(x*-9)=0
4x—2)x+2)(x—=5)(x+2)=0 Ox-3)(x+3)(x-3)x+3)=0
x—2=0orx+2=0o0or x-5=0 x—3=0 or x+3=0
x=2 x=-2 x=5 x=3 x=-3
Chapter 3 Practice Test Page 155 Question 7

a) For P(x)=x + 4x” + 5x + 2, the possible integral zeros of the polynomial are the
factors of the constant term, 2: £1 and +2. Test these values to find a first factor:
P(—1) = 0. Use synthetic division to find the other factors.

+1f 1 4 5 2

- 1 3 2

x |1 3 2 0

Then, the remaining factor x* + 3x + 2 can be factored as (x + 2)(x + 1).
So, P(x) = (x + 1)*(x + 2).

b) For P(x) =x" — 13x* + 12, the possible integral zeros of the polynomial are the factors
of the constant term, 12: +1, +2, +3, +4, +£6, and +12. Test these values to find a first
factor: P(1) = 0. Use synthetic division to find the other factors.
-1 1 =13 0 12

-1 12 12

1 -12 -12 0

Then, the remaining factor x* — 12x — 12 cannot be factored.
So, P(x) = (x — 1)(x* — 12x — 12).

X

¢) P(x)=—x"+6x"—9x
P(x) = —x(x* — 6x — 9)
P(x) = —x(x - 3)°
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d) For P(x)=x"—3x>+ x + 5, the possible integral zeros of the polynomial are the
factors of the constant term, 5: £1 and £5. Test these values to find a first factor:
P(—1) = 0. Use synthetic division to find the other factors.

+1f 1 -3 1 5

- 1 4 5

1 —4 5 0

Then, the remaining factor x* — 4x + 5 cannot be factored.
So, P(x) = (x + 1)(x* — 4x + 5).

X

Chapter 3 Practice Test Page 156 Question 8

a) For P(x)=x"+ 3x’ — 3x> — 7x + 6, the possible integral zeros of the polynomial are the
factors of the constant term, 6: £1, £2, +£3, and +6. Test these values to find a first factor:
P(1) = 0. Use synthetic division to find the other factors.

—-1f 1 3 -3 7 6
-1 —4 -1 6

1 4 1 —6 0
Repeat the process with the remaining factor x° + 4x* + x — 6. Test factors of the constant
term, —6: P(1) = 0.
-1l 1 4 1 —6

-1 -5 —6
1 5 6 0

Then, the remaining factor x* + 5x + 6 can be factored as (x + 2)(x + 3).
So, y = (x+ 1)*(x +2)(x + 3).

X

X

Use a table to organize information about the function. Then, use the information to
sketch the graph.

Degree 4

Leading Coefficient |1

End Behaviour extends up into quadrant II and up into quadrant I
Zeros/X-Intercepts —1 (multiplicity 2), -2, and —3

y-Intercept 6

Intervals Where the | positive values of y in the intervals x < -3, -2 <x <-1, and
Function Is Positive | x> -1
or Negative negative values of y in the interval -3 <x <-2

This matches graph B.

b) y=x3—4x2+4x
y=x(x"—4x + 4)
y=x(x—2)*

Use a table to organize information about the function. Then, use the information to
sketch the graph.
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Degree

3

Leading Coefficient

1

End Behaviour

extends down into quadrant III and up into quadrant [

Zeros/X-Intercepts

0 and 2 (multiplicity)

y-Intercept

0

Intervals Where the
Function Is Positive
or Negative

positive values of f{x) in the intervals 0 <x <2 and x > 2
negative values of f{x) in the interval x <0

This matches graph C.

) y=-2x+6x>+2x-6
y=-2x(x—3)+2(x—3)

y=20-3) - 1)

y="2x-3)x-Dx+1)
Use a table to organize information about the function. Then, use the information to

sketch the graph.

Degree

3

Leading Coefficient

—2

End Behaviour

extends up into quadrant II and down into quadrant IV

Zeros/x-Intercepts

-1,1,and 3

y-Intercept

—6

Intervals Where the
Function Is Positive
or Negative

positive values of f(x) in the intervals x <—1 and 1 <x <3
negative values of f(x) in the intervals -1 <x <1 and x >3

This matches graph A.

Chapter 3 Practice Test

Page 156 Question 9

a) The volume of the box is given by V(x) = x(20 — 2x)(18 — x).

b) Solve 512 = x(20 — 2x)(18 — x) graphically.

X A

| NN Y

;
/

Int-ar's-a-:tn-:-n lll.l\ _/(
n=c L

Int-zr's-ai:tn-:-n lllll\ _/I(
W=B.E85EFEE  Y=EiZ

Interseckion
n=ighynzEizy  Y=Eiz

N/

The possible whole-number dimensions of the box are 2 cm by 16 cm by 16 cm.
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Chapter 3 Practice Test Page 156 Question 10

a) Compare the functions y = %(x +3)* —2and y = a(b(x — h))" + k to determine the

values of the parameters.

b =1 corresponds to no horizontal stretch.
1 . 1

3 corresponds to a vertical stretch of factor 3

h = -3 corresponds to a translation of 3 units to the left and £ =—2 corresponds to a
translation of 2 units down.

a=

b) The domain is {x | x € R} and the range is {y | y € R}.

¢)
w4

V= glu;x+ 3 {2 ]I;E- =25

6

Cumulative Review, Chapters 1-3

Cumulative Review Page 158 Question 1
a) For the graph of y + 2 = f{x — 3), b) For the graph of y + 1 = —f(x), reflect
translate the graph of y = f(x) right 3 units  the graph of y = f(x) in the x-axis and
and down 2 units. translate down 1 unit.
7 7\
ARNEI e \ N
“] Tk ' I

ES 4

"'féiﬁ
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¢) Rewrite y=f(3x + 6) as y =f(3(x +2)).  b) For the graph of y = 3f(—x), stretch the
For the graph of y = f{3(x + 2)), stretch the ~ graph of y = f{x) vertically by a factor of 3
graph of y = f{x) horizontally by a factor of and reflect in the y-axis.

L

1 )
E and translate left 2 units. V= 3f(1x)

Y
£ (3% +/6)
y=HB3x+8) |

4- ' 2 |3 [ 6 |x
N ]

—al| -2 |0

1'%

—

Cumulative Review Page 158 Question 2

Locate key points on the graph of f{x) and their image points on the graph of g(x).
(-2,4)—(1,0)

(0,0) — (3,-4)

(2,2)— (5,0)

The orientation is unchanged, the graph has not been reflected.

The overall width or height have not changed, so the graph has not been stretched. Since
the point (0, 0) is not affected by stretches, the graph has been translated 3 units to the
right and 4 units down.

So,a=1,b=1, h=3, k=-4, and the equation of the transformed graph is
y+4=£fx-3).

Cumulative Review Page 158 Question 3

a) Forg(x)=fix+1)-5,a=1,b=1,h=-1, and k=-5. The graph of y = f(x) is
translated 1 unit to the left and 5 units down.

b) For g(x)=-3(x—2)%, a=-3,b=1, h=2, and k = 0. The graph of f{x) = x* is
vertically stretched about the x-axis by a factor of 3, reflected in the x-axis, and then
translated 2 units to the right.

¢) Rewrite g(x) =|-x+ 1|+ 3 as g(x) = |-(x—1)| + 3.

Forg(x)=|-(x—1)|+3,a=1,b=-1, h=1, and k = 3. The graph of f{x) = || is reflected
in the y-axis and then translated 1 unit to the right and 3 units up.
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Cumulative Review Page 158 Question 4

a) For h(x)=fix—3)+1,a=1,b=1,h=3,and k= 1. Use the mapping
(x,y) = (x+ 3,y + 1). So, the key point (6, 9) becomes the image point (9, 10).

b) For i(x) =-2fix),a=-2,b=1, h=0, and k= 0. Use the mapping (x, y) — (x, —2y).
So, the key point (6, 9) becomes the image point (6, —18).

¢) Forj(x)=f(-3x),a=1,b=-3, h=0, and k= 0. Use the mapping (x, y) — (—%x, y] .
So, the key point (6, 9) becomes the image point (-2, 9).

Cumulative Review Page 158 Question 5

a) Fory=/f(3x),a=1,b=3,h =0, and k= 0. Use the mapping (x, y) — (%x, yj .

Key Point Image Point
—4,0 (—i Oj
(4.0) T
(6,0) (2,0)
(0,-3) (0,-3)

b) Fory=-2fix),a=-2,b=1,h =0, and k= 0. Use the mapping (x, y) — (x, —2y).

Key Point Image Point
(4,0) (4,0)
(6, 0) (6, 0)
(0> 73) (07 6)
Cumulative Review Page 158 Question 6
a) Since the graph of y = |x| + 4 passes VA

the vertical line test, it is a function.

b) Reflect the graph of y = |x| + 4 in the
line y = x.

¢) The graph of the inverse is not a function, since it fails the vertical line test.

Example: A restricted domain for which the function has an inverse that is also a function
is the right side of the V-shape: {x| x>0, x € R}.

Ax)=Ix|+4,x>0and f'(x)=x—4,x>4
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Cumulative Review Page 158 Question 7

Compare key points on the graph of y = Jx and their image points on the given graph.
(0,0) — (-2, -3)

4,2)—(0,-1)

The overall width has changed, so the graph has been horizontally stretched by a factor of

% . From the endpoint, the graph has been translated 2 units to the left and 3 units down.

So,a=1,b=2, h=-2, k=-3, and the equation of the transformed graph is
y=42(x+2)-3.

Cumulative Review Page 158 Question 8

For a vertical stretch by a factor of 2, horizontal reflection in 7
the y-axis, and a horizontal translation of 1 unit to the left,
a=2,b=-1,h=-1, k=0, and the equation of the

transformed function is y = 2,/—(x+1) . vEROEE T
domain{x |[x <-1,x € R} <
range {y|y>0,y € R} N

=Y

6|20

Cumulative Review Page 159 Question 9

a) Compare key points on the graph of f{x) and their image points on the given graph if
g(x) is a horizontal stretch of f{x).

(0,0) — (0, 0)

9,3)—(1,3)

The overall width has changed, so the graph has been horizontally stretched by a factor of

é. So,a=1,b=9, h=0, k=0, and the equation of the transformed graph is

glx)= Jox .

b) Compare key points on the graph of y = Jx and their image points on the given

graph if g(x) is a horizontal stretch of f{x).

(0,0) — (0, 0)

(1, 1) — (1, 3)

The overall height has changed, so the graph has been vertically stretched by a factor of
3.S0,a=3,b=1,h=0, k=0, and the equation of the transformed graph is g(x) = 3Jx.

¢) The equations from parts a) and b) are equivalent.

g(x) = Vox
g(x) = Vox
g(x) = 3x
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Cumulative Review Page 159 Question 10

a) The x-intercepts of both graphs are —1 and 1. This is
because points where f(x) = 0 are invariant.

b) For fix) = x> — 1, the domain is {x | x € R} and the
range is {y |y >—-1,y € R}. For g(x)=+/f(x), the
domainis {x |x<-1orx>1,x € R}, and the range

is {y|y>-1,y € R}. The domain is restricted for g(x)
because it is a radical function.

Cumulative Review Page 159 Question 11

a) For 2x =+/x+3 -5, the restrictions on the variable are x > —3.

2x=+x+3-5
2x+5=~+x+3
4x* +20x+25=x+3

4% +19x+22=0
(Ax+1D)(x+2)=0
dx+11=0 or

4x=-11

xX= —E or —2.75
4

g(xX)F+1(x)

4

_2\

2

Check. Substitute x =—-2.75 and x = -2 into the original equation to identify

any extraneous roots.

Left Side Right Side Left Side
2x Jx+3-5 2x
=2(-2.75) =+-2.7543-5 =2(-2)
=-55 =45 =—4
Left Side # Right Side

b) The solution is x = 2.

Inkerseckion
"

=<2 ==y
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Right Side

Vx+3-5

=+-2+3-5
=4

Left Side = Right Side
Ron is incorrect, x = —2.75 does not check. The solution is x = -2.
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Cumulative Review Page 159 Question 12

a) The x-intercept is 8. b) 0=3Jx-4-6
fix) & 11
4 fxl=3Jk—4-6 6=3vx-4

=

2=+/x-4

-0 4 /8 |12 |x 4=x-4
T x=38

c¢) The solutions or roots of a radical equation are equivalent to the x-intercepts of the

graph of the corresponding radical function.

Cumulative Review Page 159 Question 13

a)
X -x*+x+2
x+1>x4—0x3—0x2 +3x+4

xtex
—x’—0x*
—x =X’
x” +3x
X +x
2x+4
2x+2
2
x'+3x+4 B

=x -x +x+2+(i]
x+1 x+1

Px)=x'+3x+4

P =(D*+3(-1)+4
P-1)=1-3+4
P(-1)=2

The remainder when x* + 3x + 4 is divided by x + 1 is 2.
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b)
X’ +2x-5
x—i—3>x3 +5x*+x-9

X432
2x* +x
2x” +6x
-5x-9
—Sx—15
+6

3 2
X +5x"+x 9=x2+2x—5+
x+3 x+3

Px)=x"+5x"+x-9
P(-3)=(-3)’+5(-3)+(-3)-9
=-27+45-3-9
=6
The remainder when x* + 5x* + x — 9 is divided by x — 3 is 6.

Cumulative Review Page 159 Question 14

For P(x) =x* — 3x° — 3x” + 11x — 6, the possible integral zeros of the polynomial are the
factors of the constant term: —6: =1, £2, £3, and +6.

Px)=x"-3x -3+ 11x—6 Px)=x'-3x -3+ 11x—6
P(1)=1*=3(1Y =3(1)*+ 11(1) -6 P(-1)=(1)*=3C1)Y =31+ 11(-1)-6
P(1)=1-3-3+11-6 P-1)=1+3-3-11-6

P(1)=0 P(-1)=-16

The remainder when x* — 3x> = 3x* + 11x— 6  The remainder when x* — 3x° — 3x* + 11x — 6
is divided by x — 1 is 0. is divided by x + 1 is —16.
Px)=x"-3x-3x"+11x—6 Px)=x"-3x-3x"+11x—6
PQ2)=2"-302)y =32+ 1112)-6 P(-2)=(-2)*=3(-2) = 3(-2)* + 11(-2) - 6
P2)=16-24—-12+22-6 P(-2)=16+24-12-22-6

P2)=-4 P(=2)=0

The remainder when x* — 3x> —3x* + 11x— 6  The remainder when x* — 3x° — 3x* + 11x — 6
is divided by x — 2 is 4. is divided by x + 2 is 0.

Px)=x"-3x -3+ 11x—6 Px)=x'-3x -3+ 11x—6
P(3)=3"-3(3)Y =33 +11(3)-6 P(-3)=(-3)*=3(-3)’ = 3(-3)* + 11(-3) - 6
P(3)=81-81-27+33-6 P(-3)=81+81-27-33-6

P3)=0 P(=3)=96

The remainder when x* — 3x> = 3x*+ 11x— 6  The remainder when x* — 3x° — 3x* + 11x — 6
is divided by x — 3 is 0. is divided by x + 3 is 96.
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P(x)=x"-3x =3+ 11x - 6 Px)=x"-3x -3 +11x—6

P(6)=6"—=3(6)’ —3(6)*+ 11(6) - 6 P(—6) = (—6)* = 3(—6)’ = 3(-6)* + 11(—6) — 6
P(6)=1296 — 648 — 108 + 66 — 6 P(—6) = 1296 + 648 — 108 — 66 — 6

P(6) =600 P(—6)=1764

The remainder when x* —3x* = 3x*+ 11x— 6  The remainder when x* — 3x* = 3x* + 11x - 6
is divided by x — 6 is 600. is divided by x + 6 is 1764.

Cumulative Review Page 159 Question 15

a) For P(x)=x> — 21x + 20, the possible integral zeros of the polynomial are the factors
of the constant term, 20: +1, £2, +4, +5, £10, and £20. Test these values to find a first
factor: P(1) = 0. Use synthetic division to find the other factors.
1| 1 0 21 20

-1 -1 20

1 1 -20 0

Then, the remaining factor x> + x — 20 can be factored as (x — 4)(x + 5).
So, P(x) = (x — 1)(x —4)(x + 5).

X

b) For P(x)=x" + 3x* — 10x — 24, the possible integral zeros of the polynomial are the
factors of the constant term, —24: £1, £2, £3, +4, +6, £8, £12, and £24. Test these values
to find a first factor: P(—2) = 0. Use synthetic division to find the other factors.

+2[ 1 3 -10 -24

- 2 2 24

1 1 -12 0

Then, the remaining factor x>+ x — 12 can be factored as (x + 4)(x — 3).
So, P(x) = (x + 2)(x + 4)(x — 3).

X

¢) For P(x) =—x* + 8x* — 16, the possible integral zeros of the polynomial are the factors
of the constant term, —16: +1, £2, +4, £8, and £16. Test these values to find a first factor:
P(2) = 0. Use synthetic division to find the other factors.
-2|-1 0 8 0 -l6

2 4 -8 -16

-1 -2 4 8 0

The remaining factor —x> — 2x* + 4x + 8 can be factored.
-2+ 4x+ 8

= x*(x+2)+4(x+2)

=(x+2)(x+4)

=—(x+2)(x’ - 4)

= —(x +2)"(x-2)

So, P(x) = —(x — 2)*(x + 2)*.

X
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Cumulative Review Page 159 Question 16

”

a) Factor —x” + 2x* + 9x — 18.

- +2x"+9x — 18 <
= x*(x—2)+9(x-2)
= (x=2)(=+9)
= -2)("~9)
=—(x—2)(x—3)(x +3)
So, fix) =—(x —2)(x — 3)(x + 3). |
Then, the x-intercepts are 2, 3, and —3. flx)= =" + 2|+ 9x — 18
The y-intercept is —18. X

.
3

b) For g(x)=x"—2x’ — 3x* + 4x + 4, the possible integral zeros of the polynomial are the
factors of the constant term, 4: £1, £2, and +4. Test these values to find a first factor:
P(-1) = 0. Use synthetic division to find the other factors.

+1| 1 -2 -3 4 4

- 1 -3 0 4

x11 3 0 4 0
Repeat the process with the remaining factor x* — 3x” + 4. Test factors of the constant
term, 4: P(2) = 0.
21 3 0 4

-2 2 4

1 -1 =2 0
The remaining factor x> —x — 2 can be factored
as (x + I)(x—2).
So, g(x) = (x + 1)*(x - 2)".
Then, the x-intercepts are —1 and 2.
The y-intercept is 4.

glx)l= a* — 2x74 347 + dx + 4

X

Cumulative Review Page 159 Question 17

a) For V(x)=x> +2x* — 11x — 12, the given factor is x + 1. Use synthetic division to find
the other factors.

+1] 1 2 11 —-12
- 1 1 -12
x |1 1 —-12 0

Then, the remaining factor x> + x — 12 can be factored as (x + 4)(x — 3).

So, V(x) = (x + I)(x + 4)(x - 3).

The polynomials that represent the possible length and width of the box are x + 4 and
x—3.

b) When the height of the box is 4.5 m, x = 3.5. So, the possible dimensions are 4.5 m by
7.5 m by 0.5 m.
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Cumulative Review Page 159 Question 18

If fix) = x° is stretched vertically about the x-axis by a factor of 3, then reflected in the
y-axis, and then translated horizontally 5 units to the right: a =3, b=-1,h=5,k=0, and
the equation of the transformed function is g(x) = 3(—(x — 5))".

Unit 1 Test
Unit 1 Test Page 160 Question 1

a) Locate key points on the graph of f{x) and their image points on the graph of g(x).
(-4,0)— (-5, 1)

(-2,4)—> (4,5

(2,3) > (-2,4)

4,-2) > (-1,-1)

Since the orientation is unchanged, the graph has not been reflected in either axis.

The overall width has changed, so the graph has been horizontally stretched by a factor of
0.5. Since the x-intercept has changed, the graph has been translated 3 units to the left and
1 unitup. So,a=1,b=2, h=-3, k=1, and the equation of the transformed graph is

gx) =2 +3))+ 1.
Choice D is correct.

Unit 1 Test Page 160 Question 2

For a reflection in the y-axis and a horizontal stretch about the y-axis by a factor of 3,
a=1,b= —% , h =0, and k£ = 0. Use the mapping (x, y) — (-3x, y). The graph of the

transformed function will have a different domain and different x-intercepts.
Choice C is correct.

Unit 1 Test Page 160 Question 3

Graph each pair of functions to check whether the graphs are Poadl
reflections of each other in the line y = x. f
The graphs of f{x) = % + 5 and g(x) = 2x — 5 are not inverses =15

2 X
of each other. b VR

Choice D is correct.
2(x)=2x -5
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Unit 1 Test Page 160 Question 4

The function y = |x + 4| — 3 has domain {x |x € R} and range {y | y>-3,y € R}.
Choice A is correct.

Unit 1 Test Page 160 Question 5

If the graph of y = \/x+3 is reflected in the line y = x, then the range of this graph

becomes the domain of the new graph, {x | x>0, x € R}.
Choice D is correct.

Unit 1 Test Page 160 Question 6

If the graph of a polynomial function of degree 3 passes through (2, 4) and has
x-intercepts of —2 and 3 only, then the factors are (x + 2) and (x — 3). The equation of the
function is of the form f{x) = a(x + 2)(x — 3)*, since f{x) must be positive in the interval
-2 <x<3.

Determine the value of a so that the graph passes through the point (2, 4).
4=aqa(2+2)2-3)

4=a(4)(1)
4=4a
a=1

So, the equation of the function that satisfies these conditions is fx) = (x + 2)(x — 3)* or
Ax)=x>—4x* = 3x + 18..
Choice C is correct.

Unit 1 Test Page 160 Question 7

Cosider A: Evaluate P(-1).

P(x)=-x"—4x"+x+4

P(-1)=—(-1) 41+ (1) +4
P-1)=1-4-1+4

P(-1)=0

Since the remainder is zero, x + 1 is a factor of P(x).
Choice A is correct.

Unit 1 Test Page 161 Question 8

Let P(x) =x" + k. Solve P(-2) = 3 to determine the value of £.

P(x)=x"+k
3=(2)+k
3=16+k
k=-13

When x* + k is divided by x + 2, the remainder is 3. The value of & is —13.
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Unit 1 Test Page 161 Question 9

For the function g(x) = f{x + 2) — 3, only the value of the parameter &, —3, affects the
range.

If the range of the function y =f(x) is {y | y > 11, y € R}, then the range of the new
function g(x) =f(x +2) -3 is{y|y=8,y € R}.

Unit 1 Test Page 161 Question 10

The mapping (x, y) — (x — 2, y + 3) represents a translation of 2 units to the left and
3 units up. So, #=-3 and k= 3.

The graph of the function f{x) = |x| is transformed so that the point (x, y) becomes
(x —2, y + 3). The equation of the transformed function is g(x) = [x + 2| + 3.

Unit 1 Test Page 161 Question 11

Solve x =+/2x—1+2 graphically. -g#

The root of the equation x =+/2x—-1+2 is X =5.

Intersection
n=k

Y=t
Unit 1 Test Page 161 Question 12
a) The graph of y = x? is stretched horizontally about the
y-axis by a factor of % cy = (%)
Then, translated horizontally 6 units to the right:
=@k -6))".
+ (2(x—B))f

< DL 5
b) The graph of y = x” is translated horizontally 6 units to
the right: y = (x — 6)°.
Then, stretched horizontally about the y-axis by a factor

1

ofE:y=(2x—6)2. — X 6F

E4 4

“l
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¢) From part b), rewrite y = (2x — 6)* as y = (2(x — 3))*. The two graphs have the same
shape but the vertex of the parabola in part a) is located at (6, 0) while the vertex of the

parabola in part b) is located at (3, 0).

Unit 1 Test Page 161 Question 13

a)
1ix)
4
b) Ax)=x*-9
.2
y=x -9
x=y2—9
)c+9=y2

y=tJx+9

d) f(x): domain {x|x € R} and range {y |y>-9,y € R}
inverse of f{x): domain {x | x>-9, x € R} and range {y |y € R}
v f(x) :domain {x | x <-3 andx >3, x € R} andrange {y|y>0,y € R}

Unit 1 Test Page 161 Question 14
For quadrant II: reflection in the y-axis, y = f(—x).

For quadrant III: reflection in the y-axis and then the x-axis, y = —f(—x).
For quadrant IV: reflection in the x-axis, y = —f(x).
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Unit 1 Test Page 161 Question 15

a) Mary should have subtracted 4 from both sides before squaring each side. She also
incorrectly squared the right side in step 2.

2x=~/x+1+4
2x—4=+/x+1
4x* —16x+16=x+1
4x* —17x+15=0
(4x-5)(x-3)=0

dx—-5=0 or x—3=0
dx =5 x=3
5
x=—orl.25
4

Check. Substitute x = 1.25 and x = 3 into the original equation to identify any extraneous
roots.
Left Side Right Side Left Side Right Side

2x vx+1+4 2x Vx+1+4
=2(1.25) =41.25+1+4 =2(3) =43+1+4

=25 =55 =6 =6
Left Side # Right Side Left Side = Right Side
The solution is x = 3.

b) Yes, John’s method of graphing two functions representing each side of the equation
can lead to a correct answer. He must find the x-coordinate of the point of intersection.

Unit 1 Test Page 161 Question 16

Solve P(-3) = 0 to determine the value(s) of £.
Px)=x'+3x+ex’ = Tx+6

0=(3)"+3(3)  +c(-3)-7(-3)+6

0=81-81+9c+21+6
-27=9c

c=-3
For P(x) =x*+3x* = 3x* = 7x + 6, P(-3) = 0. Use synthetic division to find the other
factors.

+3[ 1 3 -3 -7 6

3 0 -9 6

1 0 -3 2 0

Repeat the process with the remaining factor x* — 3x + 2. Test factors of the constant
term, 2: P(1) = 0.

X
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-1] 1 0 -3 2
-1 -1 2
1 1 2 0

The remaining factor x> + x — 2 can be factored.
So, P(x) = (x + 3)(x — 1)*(x + 2).

Unit 1 Test Page 161 Question 17

a) For P(x)=x’ — 7x — 6, the possible integral zeros of the polynomial are the factors of
the constant term, —6: +1, £2, £3, and £6.

b) Test the values from part a) to find a first factor: P(—1) = 0. Use synthetic division to
find the other factors.

+1] 1 0 -7 —6
- I -1 —6
1 -1 -6 0

The remaining factor x* — x — 6 can be factored.
So, P(x) = (x + 1)(x — 3)(x + 2).

X

¢) The x-intercepts are —1, 3, and —2. The y-intercept is —6.
d) Since the leading coefficient is positive, the graph extends down into quadrant III and

up into quadrant I. The function is greater than or equal to zero for values of x in the
intervals -2 <x <-1 and x > 3.
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